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shell represents the non-interacting prediction, and the inner figure indicates a renormalized
dispersion due to long-range Coulomb interactions as predicted by the functional renormaliza-
tion group study in this work. The plot has been created by rotating the respective energy
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Abstract

The purpose of this study is to theoretically investigate many-body electron-electron interaction
effects in monolayer graphene from a continuum quantum field theory (QFT) perspective
by going beyond the standard leading-order perturbative and random phase approximation
(RPA) analysis. Given that the effective dimensionless interaction strength in graphene is of
the order of unity, those weak-coupling theories are not well-founded, indicating the need for a
more sophisticated treatment of interparticle interactions. In this work, we take a systematic
functional renormalization group (FRG) approach in studying graphene many-body effects
at the Dirac point due to long-range Coulomb interactions. In particular, we examine the
renormalization of the quasi-particle velocity, as observed in recent experiments, by establishing
a low-energy effective QFT and deriving an infinite hierarchy of exact flow equations for the
irreducible n-point vertices of the theory. By means of a scaling dimension analysis, we truncate
this hierarchy based on relevance in the renormalization group sense and deduce a system
of coupled integro-differential equations describing the momentum-dependent renormalized
quasi-particle velocity and dielectric function in graphene at arbitrary scales. Focusing on
the static screening limit, the full numerical solutions indicates that the linear low-energy
dispersion (Dirac cone) gets strongly modified by long-range Coulomb interactions in the
vicinity of the Fermi level, and the renormalized quasi-particle velocity logarithmically diverges
when approaching the critical Dirac point. Remarkably, our non-perturbative result for the
quasi-particle velocity is in close agreement with weak-coupling studies and thus strongly
suggests a cancellation of high order corrections to the velocity renormalization. On the other
hand, the obtained momentum-dependent dielectric function qualitatively differs from the
RPA prediction and implies the absence of screening at the charge neutrality point. Finally,
we provide a critical comparison between theory and experiment indicating that our FRG
theory is not only well-founded, since not relying on the smallness of some parameter, but also
correctly predicting the strong renormalization of the quasi-particle velocity in graphene.

The results of this work have been accepted for publication in Physical Review B as Rapid
Communication. A preprint of the paper with title

Non-perturbative renormalization group calculation of the quasi-particle velocity and the
dielectric function of graphene

is publicly available on the arXiv of Cornell University,

http://arxiv.org/abs/1506.08825
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1 Introduction

Triggered by the first realization in 2004 at the University of Manchester [54, 55], graphene,
that is an ultrathin, two-dimensional carbon structure, has been at center stage in condensed
matter physics over the last decade. In fact, because of its outstanding experimental and
theoretical properties, it quickly became the most studied topic in physics [4] and, consequently,
lead to the nobel prize for its discoverers, K. S. Novoselov and A. K. Geim, in 2010. In what
follows, we will give a brief overview on graphene research in order to put this thesis into
proper context.1 Thereby, with focus on graphene theory, we want to argue that despite the
substantial body of earlier work in the literature, there is still need for further investigation of
graphene many-body effects.
Essentially, potential graphene exists in everybody’s home in form of graphite in a pencil.

Structurewise, the latter is simply a succession of monoatomic graphene layers that due to the
bounding by only weak van der Waals forces can be put on paper, producing the well-known
pencil trace. Although, of course, not starting with a traditional pencil, Novoselov et al.
indeed used a similar cleavage principle to isolate microscopic graphene samples for the very
first time [19, 54–56] (Fig. 1.1a). In fact, they describe the original processes of splitting
graphite as similar to “drawing by chalk on a blackboard” [56]. This seminal experimental
work set the basis for many subsequent studies in which graphene revealed its outstanding
structural and electronic properties. In spite of having only the thickness of a single atom,
it, for example, proved to be extremely rigid, impermeable to gases including helium [7],
showed record breaking mobilities, and the quantum Hall effect at room temperature [54]. As
a consequence, graphene became the focus of interest in many different fields of applications,
such as supercapacitors [20], optoelectronics [80], terahertz photonics [74], and integrated
circuits [20, 44], with a flourishing future in sight.
Our interest in the present work is on the most characteristic feature of graphene, that

is its linear low-energy dispersion, contrasting the conventional parabolic dispersion of two-
and three-dimensional electron gas systems. Theoretically, this property has already been
predicted by Wallace in a simple non-interacting analysis more than fifty years before the first
isolation of monolayer graphene [78]. At that time, the latter was merely a theoretical model
system with no real physical relevance. In fact, single, two-dimensional graphene layers, just
like all other strictly two-dimensional structures, were presumed to not exist, because being
thermodynamically unstable against thermal fluctuations [20, 42, 47]. However, this wisdom
was flaunted by the discovery of graphene by Novoselov et al., and the linear dependence of the
electron’s energy on the momentum has been observed in several low-energy experiments since
then [6, 54, 70]. This agreement with the non-interacting description indicated that near the
Fermi level, which turns out to just involve two points (Dirac points), the energy dispersion of
graphene electrons can be viewed as a Dirac cone (see outer shell of front page figure).
Naturally, these findings raise the question about the importance (or unimportance) of

Coulomb interactions between electrons. A convenient measure is thereby given by the effective
interaction strength,

α ≡ ECoulomb

EKinetic
= e2

ε~vF
, (1.1)

the ratio of potential to kinetic energy, which can be seen as graphene’s effective fine structure
1More comprehensive overviews can be found in Refs. [19, 20] and Refs. [8, 41]
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CHAPTER 1 INTRODUCTION

constant.2 Here, ε = (ε0 + κ)/2 represents the effective dielectric for graphene in contact
with air and a substrate with dielectric constant κ [41], and vF denotes the Fermi velocity,
that is the slope of the Dirac cone, which is found in band structure calculations [14, 59] and
measurements [6, 70] to be of the order of

vF ≈
c

300 ≈ 1× 106 ms−1. (1.2)

This immediately leads to the insight that interactions in freestanding graphene (ε = ε0) should
be at least as important as the kinetic contribution considered in the non-interacting picture,
since

α = 300 · e2

ε0~c
= 300 · αQED ≈ 2.2, (1.3)

where we identified the well-known fine structure constant of quantum electrodynamics (QED),
αQED ≈ 1/137. Even in popular experimental setups, where graphene is grown on a substrate,
e.g. SiO2 with κ = 4ε0 [41], effectively enhancing the dielectric constant, the interaction
strength, α, is of the order unity. This simple analysis shows that a theory incorporating
many-body electron-electron interaction effects is indispensable.
An important step in this direction has been first accomplished by Gonzalez et al. in the

1990’s by employing perturbation theory to first order in α within a field-theoretical framework
[24, 26, 27]. Interestingly, the authors found that the self-energy integral exhibits a logarithmic
ultraviolet divergence, which leads to a strong renormalization of the velocity. As a consequence,
the latter is expected to diverge logarithmically when one approaches the Dirac point. However,
note that the effective interaction strength, being of the order of unity, is not perturbatively
small.3 Hence, there is no a priori reason to believe that a weak-coupling expansion will,
even qualitatively, capture the impact of Coulomb interactions correctly. In fact, the second
order contributions already suggest a phase transition to an excitonic insulator state and an
entirely different velocity renormalization, indicating the approach to be unreliable [4, 30, 50,
76]. This latter fact can be healed by applying the random phase approximation (RPA), i.e.
carrying out an expansion in the dynamically screened interaction instead of the bare Coulomb
interaction, as pointed out by Hofmann et al. in Ref. [30]. Nevertheless, the common RPA is
still a weak-coupling theory and therefore lacking a rigorous formal justification.4
Of course, instead of approaching the relevant interaction strength, α = 2.2, from the non-

interacting picture perturbatively, one can alternatively study the infinitely strong-coupling
limit, i.e. α→∞. Viewed in this light, non-perturbative 1/N -expansions, where N denotes
the number of fermion flavors, have been conducted and can be found in Refs. [16, 71]. In
particular, the infinite-coupling critical point was predicted to give rise to a modification of the
linear graphene dispersion towards a power-law relation of the form E ∼ kz with a dynamical
exponent z < 1 [4, 71].

Experimentally, it is a difficult task to indeed study the close vicinity of the Dirac point, where
these interaction effects are playing out. The main reason seems to be that graphene samples
almost always contain impurities and are thus effectively electron- or hole-doped. Moreover, it
is intricate to eliminate influences of substrates, e.g. external screening of interaction effects.
Only recently, the very proximity of the critical Dirac point became accessible in high quality
graphene samples by Elias et al. [17]. First grown on SiO2, the monolayer structures were later

2The potential energy is inversely proportional to the interparticle distance, which may be identified with the
de Broglie wavelength λ. The kinetic energy, being linear in the momentum, is inversely proportional to λ,
too. Hence, α as in Eq. (1.1) does only depend on environmental conditions (ε) and material properties
(vF ). In particular, it is independent of the electron density, which separates it from regular metals and
semiconductors.

3Notice, for comparison, that the quantum electrodynamics fine structure constant, αQED ≈ 1/137, suggests
a perturbative treatment of interactions to be accurate up to 137 decimal places. [4]

4One can, of course, argue that the RPA becomes exact in the limit of infinitely many fermion flavors. We
shall address this point in Ch. 4.
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Figure 1.1: Images of different graphene samples (a) and a scanning tunnelling microscopy
(STM) study of the lattice structure of graphene structures (b). In (a), the top
left picture shows one of the very first samples by Novoselov et al. [56], which
has been obtained as described in the main text, while the other pictures show
suspended graphene on a metallic scaffold (top right) and a larger graphene sample,
grown on a substrate (bottom). The images in (b) clearly reveals the honeycomb
lattice structure of monolayer (top left), bilayer (top right) and trilayer (bottom)
graphene. Modified from Refs. [19] and [73].

detached from the substrate by chemical etching. Through measurements of Shubnikov-de
Hass oscillations (SdHO) in externally applied magnetic fields, the authors finally extracted the
momentum dependence of the velocity and found, in agreement with complementary studies
[9, 43, 87], a clear logarithmic increase, supporting the predictions of weak-coupling theories.
Remarkably, Elias et al. obtained, in fact, reasonable quantitative agreement with the first
order perturbative result (Fig. 1.2).
Therefore, we face a situation in which a strongly interacting system shows weak-coupling

behavior with no satisfying theoretical model available. It is this gap that we aim to close within
this present work. To that end, we will establish a non-perturbative functional renormalization
group (FRG) approach that allows us to determine the renormalized velocity and dielectric
function in graphene for arbitrary effective interaction strengths. In particular, we focus
on freestanding samples, as probed by Elias et al. [17], where α = 2.2 and the effects of
interelectron Coulomb interactions are maximized. Thereby, our FRG model is well-founded,
because it is not based on the smallness or largeness of α, transparent, since we clearly specify
the neglected many-body processes, and accurate, as it does quantitatively agree with the
experimental findings. We therefore believe that it is an appropriate theoretical description of
electrons in graphene.
Let us remark that there have been earlier works on graphene employing the functional

renormalization group, considering antiferromagnetism [32], the effect of impurities [35], and
spin density wave states [79]. Further, there have been multiple RG studies on graphene; in
particular the extensive works by Gonzáles et al. and Vozmediano et al. in Refs. [22–27] and
[77] within the field-theoretical RG. However, to our knowledge there exist no FRG studies
on the velocity renormalization in graphene, and the present work represents the first in this
direction.
Throughout this thesis, we shall present a comprehensive discussion of graphene in which,

starting from the non-interacting case, interactions are gradually taken into account. Finally,
this will result in the new FRG description. Hence, the structure of the thesis is as follows:

3



CHAPTER 1 INTRODUCTION

Figure 1.2: Shubnikov-de Haas measurements by Elias et al. in Ref. [17] (a) indicating a
logarithmic renormalization of the Fermi velocity, vF , as a function of charge carrier
density concentration, n, in the vicinity of the Dirac point (b), i.e. n = 0 cm−2.
The inset in (a) shows an scanning electron micrograph of the probed graphene
device, which was suspended from a SiO2 substrate by chemical etching. The
SdHO are well-described by the Lifshitz-Kosevich formular (Eq. 2.55) (solid lines).
The solid, black line in (b) represents a fit of the first order perturbation theory
result (Eq. 4.33) to the experimental data (red point) and the green, dotted line
represents a linear energy dispersion. Modified from Ref. [17].

Subsequent to this introduction, we will discuss the basics of graphene, that is the common
non-interacting tight-binding point of view, in Chapter 2. This seems to be not only reasonable
to specify the contextual framework of the further analysis but, regarding the experimental
observations (Refs. [6, 54, 70]), is also of real physical importance.
In Chapter 3, we derive the effective low-energy model at the heart of this work. Thereby,

we will employ the functional integral representation of many-body physics to formulate a
convenient quantum effective field-theory of graphene electrons. As going to be discussed, the
latter shows strong similarities to Dirac field-theory, which, including interactions, coincides
with (2+1)-dimensional QED. Performing a bosonization via a Hubbard-Stratonovich trans-
formation in the density channel, we replace the model of interacting fermions in favor of an
exactly equivalent theory involving both fermions and bosons.
Following this, we shall study the effect of interactions, specifically the renormalization of

the Fermi velocity, the main interest of this work, by reproducing the essential weak-coupling
theory results in Chapter 4. In the course of this perturbative and RPA analysis, we will
calculate the polarization function of pristine graphene.

Chapter 5 contains a concise introduction to the functional renormalization group. Alongside
a general motivation of the renormalization group procedure, we will develop the formalism
underlying the FRG and derive exact flow equations for the generating functionals of Green’s
functions and, most importantly, irreducible vertices.5 This will allow us to write down an
(infinite) hierarchy of general, exact flow equations for the latter, which represent the core of
the FRG approach.
In Chapter 6, we apply these general flow equations to monolayer graphene. In particular,

we focus on flow equations for the graphene self-energy and polarization, which imply flow
equations for the renormalized velocity and the dielectric function. In the course of that, we
describe reasonable truncation and cutoff schemes, which allow for analytic progress, and

5We will prefer “Green’s function” to “Green function” according to majority rule [85].
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simplify the problem as far as possible.
In Chapter 7, we shall discuss the solution of the remaining system of coupled integro-

differential equations within the approximation of static screening. Therefore, we analyze
limiting cases analytically before solving the complete system without further approximations.
Finally, we will provide a critical comparison between theory and experiment. In particular,
we will relate the perturbative, the RPA, and the FRG result for the renormalized velocity to
the findings of Elias et al. in Ref. [17].

5





2 Graphene

The following is supposed to serve as a concise introduction to graphene theory. Thereby, we
focus on the non-interacting part of the tight-binding model underlying this work, indicating
the Fermi velocity to be the crucial quantity in graphene’s low-energy spectrum. The intention
is to provide enough basics for the subsequent analysis to be comprehensible without trying to
compete with the far more detailed discussions already available elsewhere [8, 41]. Finally, we
shall conclude this chapter with a first comparison to experiment.

2.1 Lattice structure
Generically, the starting point for a discussion of a solid state system is its lattice structure.
It is well-known that the carbon atoms in monolayer graphene condense in a honeycomb
structure due to sp2-hybridization (Fig. 1.1b). In the vicinity of other atoms, it is energetically
favorable for a carbon atom to abandon the electronic ground state configuration 1s22s22p2

and excite one electron from the 2s to the 2p orbital in order to form covalent bonds with
neighboring atoms. Three of the four chemically relevant electrons (n = 2) participate in these
planar σ-bonds with mutual 120◦ angles giving graphene its honeycomb lattice structure and
its exceptional structural stability. The last so called π electron remains in the unhybridized
2pz orbital perpendicular to the plane and is responsible for graphenes electronic properties.
Hence, we shall confine our discussion to those π electrons.6

The formed honeycomb lattice is not a Bravais lattice, because two neighboring sites are not
equivalent. This can easily be seen in Fig. 2.1a, visualizing the lattice structure of graphene.
Relative to the blue marked carbon atoms the nearest neighbors are in north-east, north-west,
and south direction, whereas the atoms in red have their closest neighbors in the directions
north, south-east, south-west. However, we can understand the honeycomb lattice to be
composed of two triangular Bravais lattices A and B (Fig. 2.1a). Graphene is therefore well
described by a single triangular Bravais lattice with a basis of two atoms per unit cell (A and
B). One possible choice for the latter is

a1 = ax̂, (2.1)

a2 = a

[
1
2 x̂ +

√
3

2 ŷ
]
, (2.2)

where a is the lattice constant with a literature value of a ≈ 2.46Å [1, 78]. The positions of
the three nearest neighbors relative to a carbon atom of sublattice A are then given by

δ1 = dŷ, (2.3)

δ2 = d

[
−
√

3
2 x̂− 1

2 ŷ
]
, (2.4)

δ3 = d

[√
3

2 x̂− 1
2 ŷ
]
. (2.5)

The common magnitude d = a/
√

3 ≈ 1.42Å reflects the equidistance of the three neighbors.

6A tight-binding calculation of the energy bands formed by the σ electrons, which are far away from the
Fermi energy, can be found in Ref. [64].
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CHAPTER 2 GRAPHENE

Figure 2.1: The honeycomb lattice of graphene (a), divided into two triangular sublattices
labeled A and B. The lattice vectors ai span the unit cell. The three nearest
neighbors of an A-sublattice carbon atom (red) are displaced by the vectors δi,
respectively. The origin of the coordinate system lies at the starting point of the
ai (blue lattice point). In (b), the non-primitive unit cell of the reciprocal lattice
(dashed), spanned by the primitive reciprocal lattice vectors b1 and b2, and the
first Brillouin zone (solid), including special symmetry points, are shown. The
origin of the coordinate system is the Γ = {0, 0} point.

From the description of the real space lattice, we can move on to reciprocal space. The
primitive vectors of the reciprocal lattice must satisfy

ai · bj = 2πδij . (2.6)

Note that graphene is a two-dimensional monolayer but the conventional formulae for the
reciprocal lattice vectors in standard literature, like Refs. [2, 3], are based on the cross product,
which is only well defined in three dimensions. Of course, one can artificially introduce a3 = ẑ,
apply the formulas, and ignore b3 afterwards. More elegantly though, one can exploit the
tensor product to construct the {bi} in accordance with Eq. (2.6), [82]

b1 = 2π (x̂⊗ ŷ− ŷ⊗ x̂)a2

a1 · (x̂⊗ ŷ− ŷ⊗ x̂)a2
, (2.7)

b2 = 2π (ŷ⊗ x̂− x̂⊗ ŷ)a1

a2 · (ŷ⊗ x̂− x̂⊗ ŷ)a1
. (2.8)

Here, the tensor product terms can be identified with clockwise/counter-clockwise rotations by
90 degrees,

(x̂⊗ ŷ− ŷ⊗ x̂) =
(

0 1
−1 0

)
= R(−90◦), (2.9)

(ŷ⊗ x̂− x̂⊗ ŷ) =
(

0 −1
1 0

)
= R(90◦), (2.10)

leading to b1 ∼ R(−90◦)a2 and b2 ∼ R(90◦)a1, where R is the conventional rotation matrix.

8



2.2 TIGHT-BINDING MODEL

In this way, one finds

b1 = b

[
−1

2 ŷ +
√

3
2 x̂

]
,

b2 = bŷ,
(2.11)

where we can identify b = |bi| = 4π√
3a as the reciprocal space lattice constant. Figure 2.1b

shows the unit cell of the reciprocal lattice, generated by these vectors, together with the first
Brillouin zone and special symmetry points.

2.2 Tight-binding model
Within this work, we consider the lattice Hamiltonian

H = −t
∑
<ij>

c†i cj + 1
2
∑
i 6=j

V (Ri −Rj)c†i cic
†
jcj (2.12)

= H0 +Hint (2.13)

in second quantization language. Here, the c†i ,ci are the creation and annihilation operators
and t ≈ 3 eV is the hopping amplitude [1, 41, 78]. The first term models the electron kinetics,
the hopping from one lattice point to another, whereas the second term represents the usual
Coulomb interactions between electrons. For convenience, we will utilize Gaussian units
throughout this work, in which the interaction potential reads

V (Ri −Rj) = e2

|Ri −Rj |
. (2.14)

In distinction to a more generic Hamiltonian, we restrict ourselves to nearest neighbor hopping
(indicated by the bracketing of the sum indices) and assume the hopping amplitudes t to be
spatially independent. The latter is reasonable by symmetry: The translational symmetry
relates different Bravais lattice points to one another, and the 2π/3 rotational symmetry implies
the same hopping amplitude for all nearest neighbors. The energetic dominance of hopping
between nearest neighbors over next nearest neighbors (nnn) has been quantified in ab initio
band structure calculations as 0.02t ≤ tnnn ≤ 0.2t [8, 59] and in experiments as tnnn ≈ 0.03t
[13]. For simplicity, we shall also consider a fixed spin projection and suppress any spin labels.
As we will point out, the relevant degrees of freedom characterizing graphene emerge from the
lattice structure alone. As long as one is not specifically interested in magnetic properties and
does not include spin-dependent effects like e.g. spin-orbit coupling, it is therefore sufficient to
drop the electron spin in the Hamiltonian. Bearing this negligence in mind, we can effectively
treat the physical spin as a mere degeneracy throughout this work.
Let us emphasize that, unless otherwise stated, we confine our discussion to undoped,

freestanding graphene in the low-temperature limit, i.e. T → 0. Therefore, the chemical
potential and the Fermi energy, which are, in fact, identical in this case, are equal to zero
(Eq. 2.12). Furthermore, in Eq. (2.14), we implicitly take the external dielectric constant to be
ε = ε0 = 1 (cf. Eq. 1.1).

2.2.1 Energy dispersion
To study the physics of the Hamiltonian H (Eq. 2.12), we consider the limiting case of
non-interacting electrons and focus on

H0 = −t
∑
<ij>

c†i cj . (2.15)

9



CHAPTER 2 GRAPHENE

This tight-binding Hamiltonian can, of course, be solved exactly. Splitting up the sum according
to the two sublattices, we can rewrite

H0 = −t
3∑
j=1

[∑
i∈A

c†Ri
cRi+δj +

∑
i∈B

c†Ri
cRi−δj

]
(2.16a)

= −t
3∑
j=1

[∑
i∈A

a†Ri
bRi+δj +

∑
i∈B

b†Ri
aRi−δj

]
(2.16b)

= −t
3∑
j=1

∑
i∈A

[
a†Ri

bRi+δj + h.c.
]
, (2.16c)

where the operators a† and b† create electrons on the A and B sublattice, respectively, and
thus relate to the c†Ri

as

c†Ri
=
{
a†Ri

for Ri ∈ A,
b†Ri

for Ri ∈ B.
(2.17)

Now, the Fourier transform of the fermionic operators can be introduced,

aRi
= 1
N

∑
k

eik·Riak,

bRi
= 1
N

∑
k

eik·Ribk,

(2.18)

where the ak, bk distinguish the sublattices in momentum space, the k summation runs over
the first Brillouin zone of the triangular A sublattice, and N corresponds to the number of
unit cells. Using the relation (2.18), we get from Eq. (2.16c) the quadratic Hamiltonian

H0 = −t 1
N2

3∑
j=1

∑
i∈A

∑
k,k′

e−ikRia†ke
ik′(Ri+δj)bk′ + h.c.

 (2.19a)

= −t 1
N2

∑
k,k′

∑
i∈A

[
e−iRi(k−k′)γk′a

†
kbk′ + h.c.

]
(2.19b)

= − t

N

∑
k

[
γka
†
kbk + γ∗kb

†
kak

]
(2.19c)

= − t

N

∑
k

(
a†k, b

†
k

)( 0 γk
γ∗k 0

)(
ak
bk

)
(2.19d)

with the complex form factor

γk =
3∑
j=1

eikδj = |γk|eiϕk (2.20a)

= eikyd + eid(−
√

3
2 kx− 1

2ky) + eid(
√

3
2 kx− 1

2ky) (2.20b)

= eikyd + 2e−iky d2 cos
(√

3
2 kxd

)
. (2.20c)

Taking the continuum limit N → ∞ by replacing the sum over discrete momenta by a
two-dimensional momentum-integral,

1
N

∑
k

→
∫

k
≡
∫

d2k

(2π)2 , (2.21)

10



2.2 TIGHT-BINDING MODEL

Figure 2.2: Non-interacting energy dispersion (Eq. 2.27d) showing the six Dirac points (black
points). The black line marks the borders of the first Brillouin zone. There are two
bands, the upper π∗ anti-bonding band (E > 0) and the lower π bonding band
(E < 0). The energy is given in units of the hopping energy t.

the Hamiltonian reads

H0 = −t
∫

k

(
a†k, b

†
k

)( 0 γk
γ∗k 0

)(
ak
bk

)
. (2.22)

The purely off-diagonal shape of the matrix in Eq. (2.22) is due to the fact that the hopping
of an electron between nearest neighbor carbon atoms always implies a switch in sublattice
affiliation. Reflecting the properties of the Hamiltonian, this matrix is Hermitian and can be
diagonalized by means of a unitary transformation. We have(

0 γk
γ∗k 0

)
∝
(

0 eiϕk

e−iϕk 0

)
= UDU†, (2.23)

where the unitary matrix U and the diagonal matrix D can be constructed from the eigenvectors
and eigenvalues as

U = 1√
2

(
1 −eiϕk ,

e−iϕk 1

)
, D =

(
1 0
0 −1

)
. (2.24)

The full non-interacting Hamiltonian (Eq. 2.22) therefore becomes diagonal under a change
from the sublattice to the helicity basis,(

ak
bk

)
= U

(
ck−
ck+

)
, (2.25)

where we shall postpone the motivation of the designation of the latter to the next chapter
(Sec. 3.3). According to Eq. (2.25), we then obtain the Hamiltonian

H0 =
∑
λ=±

∫
k
Eλ(k)c†kλckλ, (2.26)

11



CHAPTER 2 GRAPHENE

Figure 2.3: Band structure of graphene within the non-interacting picture. The energy dis-
persion of Eq. (2.27d) is shown along a path in momentum space including the
high symmetry points. The valence band is completely occupied (indicated by the
filling), whereas the conduction band is empty. The Dirac point corresponds to the
touching point of the two bands at the Fermi level, EF = 0. The energy is given in
units of the hopping energy t.

where we identified the energy dispersion

Eλ(k) = λt|γk| (2.27a)
= λt [3 + 2 cos (k · (δ1 − δ2)) + 2 cos (k · (δ2 − δ3)) (2.27b)

+ 2 cos (k · (δ3 − δ1))]1/2 (2.27c)

= λt

[
3 + 2 cos

(√
3kxd

)
+ 4 cos

(√
3

2 kxd

)
cos
(

3
2kyd

)]1/2

, (2.27d)

which has been first derived by Wallace [78].
Because of the two-atomic basis, and represented by the helicity index λ, there exist two

bands which touch each other at six points, as shown in Figs. 2.2 and 2.3. The latter are called
Dirac points for reasons that will become apparent shortly. Since both atoms in the unit cell
contribute one π electron to the system, the valence band is completely filled, whereas the
conduction band (E > 0) remains empty (Fig. 2.3). Relying on this simple counting analysis
alone, one would predict insulating behavior. Due to the existence of the Dirac points though,
graphenes energy spectrum is gapless, leading to a categorization as semimetal or zero gap
semiconductor.

2.2.2 Dirac cones

Interested in low-energy regime, we can concentrate on the parts of the energy landscape close
to the Dirac points, that is close to the Fermi level EF = 0, separating the filled from the
empty band.7 Hence, we are left with two tasks: first, to determine the location of the Dirac
points, and second, to expand the energy dispersion in their vicinity. Initially, we note that the
Dirac points are the zeros of Ekλ. By looking at Eq. (2.27a), this translates into the condition

7The characteristic energy of excitations has to be small compared to the band width, which is of the order of
the hopping amplitude t.

12



2.2 TIGHT-BINDING MODEL

that the absolute value of the form factor γk vanishes. Explicitly, this leads to the equations

sin(3
2kyd) = 0, (2.28)

2 cos(
√

3
2 kxd) = ±1, (2.29)

which are solved by the six Dirac points{(
4π

3
√

3d
, 0
)
,

(
− 2π

3
√

3d
,

2π
3d

)
,

(
− 2π

3
√

3d
,−2π

3d

)
,(

− 4π
3
√

3d
, 0
)
,

(
2π

3
√

3d
,

2π
3d

)
,

(
2π

3
√

3d
,−2π

3d

)}
.

Note that because of the symmetry Ekλ = E−kλ, which is a consequence of time-reversal
symmetry, the points occur necessarily in pairs with different sign [21].
By comparison with the primitive vectors of the reciprocal lattice (Eq. 2.11), it is easy to

see that the Dirac points are situated at the edges of the first Brillouin zone, shown in Fig. 2.4.
As we discussed for the real space, there are two Bravais sublattices reflecting the two distinct
classes of lattice points. Only within these classes two lattice points can be identified with one
another by exploiting the translational or the rotational symmetry of the lattice. Specifying
two representatives (the basis) in addition to the symmetry is enough to describe the system.
This property also holds in reciprocal space. Thus, only two of the six Dirac points are distinct.
The other four can be restored by either shifting by a primitive reciprocal lattice vector or by
applying a 2π/3 rotation. The two classes of Dirac points, commonly labeled K and K’, are

K =
{(

4π
3
√

3d
, 0
)
,

(
− 2π

3
√

3d
,

2π
3d

)
,

(
− 2π

3
√

3d
,−2π

3d

)}
, (2.30)

K′ =
{(
− 4π

3
√

3d
, 0
)
,

(
2π

3
√

3d
,

2π
3d

)
,

(
2π

3
√

3d
,−2π

3d

)}
, (2.31)

as indicated in Fig. 2.4. For convenience, we shall focus on the most simple representatives
with ky = 0 in the following. For that, we use the notation

kpD = pkD =
(
p

4π
3
√

3d
, 0
)

(2.32)

to distinguish between the two Dirac points. Most naturally, we will refer to the index p = ±
as valley index, since it specifies the valley within the conduction band (see Fig. 2.2).8 Unfor-
tunately, there is no consensus on how to name indices in graphene. Depending on the field of
research of the authors and methods applied therein, p might e.g. also be called chirality index
[49].

Knowing the coordinates of the Dirac points, we can analyze the energy dispersion in their
vicinity by expanding the form factor as

γ(kpD + k) = 3
2d (−pkx + iky) + d2

2

(
3
4k

2
x + ip

3
2kxky − k

2
y

)
+O(k3

i ), (2.33)

where k is the deviation from the Dirac point. For the approximation to be reasonable, we
must have |k| � |kpD|. As |kpD|, being an edge of the first Brillouin zone, is of the order of
the inverse lattice spacing, we can introduce a ultraviolet cutoff Λ0 ∼ 1/a and rewrite the
condition in terms of an small parameter as |k|/Λ0 � 1.9 Finally, keeping only the terms
linear in k and using Eq. (2.27a), we obtain

Eλ(k) := Eλ(kpD + k) ≈ λ3
2 tdk (2.34)

8We do not label the valley index as v to avoid conflicts with the occuring Fermi velocity v = vF .
9Note that this low-energy condition coincides with the one given in terms of the hopping amplitude t in Fn.
7, since |EΛ(k)| = 3

2 tdk ∼ akt ∼ k/Λ0t� t for k/Λ0 � 1.
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CHAPTER 2 GRAPHENE

Figure 2.4: First Brillouin zone of
graphene’s honeycomb
lattice (black line) as in
Fig. 2.1b. The six Dirac
points, grouped by symme-
try, are shown as white and
black points with labels
K and K’, respectively.
The background shows the
projected energy dispersion
of the completely filled π
band (color-coded).

for the energy dispersion in the vicinity of the Fermi level. The low-energy Hamiltonian is
thus given by

HLE
0 =

∑
p

∑
λ=±

∫ Λ0

k
Eλ(k)c†kλckλ, (2.35)

where we use the notation ∫ Λ0

k
≡
∫ 2π

0
dϕ

∫ Λ0

0

kdk

(2π)2 . (2.36)

Equation (2.34) governs the low-energy behavior of non-interacting electrons in graphene. In
strong contrast to a quadratic dispersion of a conventional two-dimensional electron system, it
is linear in k, which gives rise to graphene’s exceptional electronic properties. Furthermore, as
only the momentum-magnitude k = |k| enters in Eλ(k), the low-energy dispersion is isotropic
and takes the shape of two cones, one of which is placed over the other. This setup is commonly
referred to as Dirac cone and is depicted on the front page of this thesis (outer shell). Evidently,
the only characterizing quantity of such a dispersion is the slope of those cones, corresponding
to the factor in front of the momentum in Eq. (2.34), which can be interpreted as the electron
Fermi velocity vF . This can, for example, be seen by dimensional analysis (restoring ~ for a
moment):

[E] = [~][td][k] ⇒ Energy = Energy · Time
Length [td] ⇒ [td] = Length

Time = Velocity. (2.37)

Quantitatively, one can define vF as the group velocity at the Fermi level,

λvF ≡
∂ω

∂k

∣∣∣∣
EF

= 1
~
∂E

∂k

∣∣∣∣
EF

~=1= λ
3
2 td, (2.38)

which leads to the compact formulation

Eλ(k) = λvF k. (2.39)

Estimating t ≈ O(1 eV) and d ≈ O(1 Å) immediately suggests that the Fermi velocity is
smaller than the speed of light c ≈ 3× 108ms−1 by about two orders of magnitude. This is
indeed supported by multiple measurements (Sec. 2.3) and band structure calculations [14,
59], yielding

vF ≈
c

300 ≈ 1× 106 ms−1. (2.40)
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2.2 TIGHT-BINDING MODEL

Although the linear form of the dispersion close to the Fermi energy contrasts the usual
case of two-dimensional metals, it turns out that one can nevertheless draw a comparison with
a well known physical system, that is free relativistic particles. As is known, their relativistic
energy dispersion reads

E =
√

k2c2 +m2c4. (2.41)

This corresponds to the low-energy dispersion derived above if we assume m = 0 and take the
Fermi velocity vF as an effective speed of light. This indicates that at low energies, electrons
in graphene act like quasi-relativistic particles. Remarkably (remember that we excluded the
electron spin from our discussion), they are well described by a Dirac theory for spin one-half
particles, which justifies the labeling of the Fermi points (EF = 0) as Dirac points. Although
this analogy seems to be constructed at this point, we shall make this analogy formally precise
in the subsequent chapter (Sec. 3.3).

2.2.3 Density of states and screening
An important quantity in the description of solid state systems is the density of states,
measuring the available number of energy states in the interval [E,E + dE] for a given energy
E. In case of our low-energy model, HLE

0 , it reads

ρ(E) = Nd

∫
d2k

(2π)2

∑
λ

δ(E − Eλ(k)). (2.42)

Here, the prefactor Nd describes the degeneracy of energy levels. Evidently, the two Dirac
points are energetically equivalent, as the linearized energy (Eq. 2.39) does not depend on the
valley index p, and the corresponding sum in Eq. (2.35) reduces to a factor of two. Moreover,
although not explicitly visible in our description, we also must account for the physical electron
spin. Hence, the total degeneracy is Nd = 4.

Performing the integral in polar coordinates by using the standard delta function property∫
dx δ(f(x)) =

∫
dx

1
|f ′(x0)|δ(x− x0), (2.43)

in which f(x) is a function with a single zero x0, we obtain for the conduction band (E > 0,
λ = +)

ρ+(E > 0) = Nd

∫
d2k

(2π)2 δ(E − vF k) (2.44a)

= Nd
2πvF

∫ ∞
0

dk kδ(k − E/vF ) (2.44b)

= NdE

2πv2
F

. (2.44c)

Analogously, one gets the same result for the valence band. The non-interacting density of
states at low-energies is thus given by

ρ(E) = 2|E|
πv2

F

. (2.45)

As a direct consequence of the linearity of the energy dispersion close to the Dirac points,
the density of states is also a linear function, which has to be compared to the usual 2D metal
case, where ρ(E) is constant. Most importantly, this implies that the Thomas-Fermi screening
wave vector vanishes,

κ =
√

8πe2ρ(EF ) = 0, (2.46)
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and, correspondingly, the screening length 1/κ diverges. Hence, without yet accounting for
interactions, the intrinsic dielectric function is equal to unity,

ε(q) = 1 + κ2

q2 = 1, (2.47)

indicating the long-range character of the Coulomb interactions, i.e. the absence of screening
in graphene. Let us remark that the full non-interacting density of states has been derived
by Hobson and Nierenberg [29] six years after Wallace’s pioneering work and can be found in
clear form in Ref. [8].

2.3 Energy dispersion from experiment
2.3.1 Angle-resolved photoemission spectroscopy
Before gradually turning to the influences of interactions in the following chapters, let us
briefly discuss two established techniques that have been employed in experimental studies on
the energy dispersion, and thus the Fermi velocity, of quasi-freestanding graphene. The first is
angle-resolved photoemission spectroscopy (ARPES). Based on the photoelectric effect, one
optically excites an electron by irradiating the graphene sample with photons of well-defined
energy and momentum, ~ω and ~k, so that the electron is being emitted and its direction and
energy can be detected. Exploiting the conservation of momentum and energy,

~ω = Ef − Ei, ~k = kf − ki, (2.48)

in which Ef and kf represent the measured energy and momentum of the electron after the
excitation, one can infer the properties of the initial electronic state, i.e. its energy Ei and
momentum ki. Since the momentum is a vector-valued quantity, one performs an angle-resolved
measurement, which yields the full momentum dependence of the energy and thus the energy
dispersion.

More precisely, one obtains the spectral function A(k, ω) describing all possible transitions
|Ei〉 → |Ef 〉 consistent with Eq. (2.48). In terms of the retarded non-interacting Green’s
function

Gr0(k, ω) ≡ 1
ω − Eλ(k) + iη+ , (2.49)

where Eλ(k) is the non-interacting energy dispersion (Eq. 2.27d) and η+ is infinitesimal, the
spectral function is customarily defined as [2, 38]

A0(k, ω) = − 1
π

ImGr0(k, ω). (2.50)

Making use of the Sokhotski–Plemelj formula

1
x+ iη+ = P

(
1
x

)
− iπδ(x), (2.51)

it is immediately clear that A0(k, ω) = δ(ω − Eλ(k)). Hence, the spectral function allows for
the inference of the energy dispersion.
Figure 2.5 shows the results of ARPES measurements conducted by Bostwick et al. and

Siegel et al. on quasi-freestanding graphene grown on SiC [6, 70]. To obtain a signal in the
ARPES scheme, the initial electronic state |Ei〉 must be occupied. Hence, only the lower
valence band is visible in Fig. 2.5. Due to the underlying SiC, the graphene sample in Ref. [6]
is slightly electron doped, and the Fermi level EF ≈ 0.45eV is lying in the conduction band.
Nonetheless, the valence band, shown in Fig. 2.5a along a momentum path including the special
symmetry points of the reciprocal lattice, is obviously well-described by the non-interacting
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Figure 2.5: Angle-resolved photoemission spectroscopy (ARPES) measurements of quasi-
freestanding graphene grown on SiC. The π valence band is visible along a
path connecting the high symmetry points (a, left), a cross section of the energy
dispersion showing the Dirac points at the corner of the Brillouin zone (a, right),
and several slices through the three dimensional Dirac cone (b). In the first case
(a, left) the black line indicates compatibility with the non-interacting energy
dispersion (Eq. 2.27d). Taken from Refs. [6, 70] respectively.

theory of this chapter (black line in Fig. 2.5a, cf. Fig. 2.2b). Also, the energy cut of the ARPES
dispersion at zero energy (Dirac points) in Fig. 2.5a experimentally supports the structure of
the Brillouin zone discussed above. Finally, combining several cross cuts near the Fermi level,
one obtains a three-dimensional visualization of a Dirac cone, as shown in Fig. 2.5b. In this
case, the authors obtain vF = 1.1× 106 ms−1 for undoped graphene.

2.3.2 Shubnikov-de Haas oscillations
Although ARPES is a well-established technique in the characterization of band structures,
the special electronic properties of graphene have originally [54–56], and recently [17], been
studied through measurements of Shubnikov-de Haas oscillations (SdHO). Those variations of
the electrical resistivity occur at low temperatures in strong magnetic fields, where the energy
is Landau-quantized and the electrons behave like harmonic oscillators. Within the common
semiclassical picture, they perform orbital motions, with frequency [3, 54]

Bf =
(

1
2πe

)
A(E), (2.52)

perpendicular to the magnetic field, enclosing an area A(E) = πk2. Therefore, one can
introduce a cyclotron mass

mc =
(

1
2π

)
∂A(E)
∂E

(2.53)

that is associated with the periodic motion [54]. Note that although the rest mass of electrons
in graphene turns out to be equal to zero - we only heuristically motivated this fact up to this
point - the cyclotron mass mc is in general finite. In fact, for the linear isotropic Dirac cones,
one obtains

E = mcv
2
F , (2.54)

which is vanishing only if EF = 0.
Experimentally, one can extract the cyclotron mass from the amplitudes of the SdHO,

S(B, T ), for different temperatures and various magnetic field magnitudes by fitting to the
Lifshitz-Kosevich formula, [54]

S(B, T ) = T

sinh (2π2Tmc/eB) , (2.55)
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and solving for mc. In Refs. [54–56] the authors varied an external gate voltage to realize
a range of charge carrier density concentrations n ∼ 1012 cm−2 to obtain the functional
dependence mc(n). Within the non-interacting picture, this adding of charge carriers simply
means a shift of the Fermi level into the conduction band. Hence, one effectively scans the
energy dispersion by measuring mc(EF ) for different EF . Using the density of states (Eq. 2.45),
we can derive the explicit relations

n =
∫ EF

0
dEρ(E) = E2

F

πv2
F

, ⇒ EF = vF kF , (2.56)

in which kF =
√
πn.

Taken together, for each particular charge carrier density n, one can determine the cyclotron
mass from a fit to Eq. (2.55) and extract the Fermi velocity vF (mc, n) according to Eq. (2.54),
which then reads

vF (mc, n) =
√
πn

mc
. (2.57)

Figure 2.6 shows the experimental data obtained by Novoselov et al. in Ref. [54]. Clearly,
one can infer a square-root dependence mc ∼

√
n (Fig. 2.6a), which according to Eq. (2.57)

implies a constant Fermi velocity, i.e. vF (mc, n) = vF , and hence a linear energy dispersion
as anticipated by the Dirac cone model. Consistently, the frequency Bf is found to be linear
in the density n (Fig. 2.6b), which follows from the square-root dependence of the cyclotron
mass by integrating Eq. (2.53) and substituting Eq. (2.54), A(E) ∼ BF ∼ n. The velocity has
been found to be of the order vF ∼ 106 ms−1, consistent with the estimation in Eq. (2.40).
Hence, these early experimental results are well-described by a theory that neglects interactions
completely. However, note that within these measurements, the authors could not achieve
charge carrier densities n < 1012 cm−2, where strong deviations from linearity occur (Fig. 1.2).

Figure 2.6: Shubnikov-de Haas measurements by Novoselov et al. to obtain the cyclotron mass
mc (a) and frequency Bf (b) associated to the orbital motion induced by an applied
magnetic field. The experimental data points can be described by the relations
mc ∼

√
n and BF ∼ n (green lines) suggesting a linear low-energy dispersion in

agreement with the non-interacting theory (Eq. 2.39). Taken from Ref. [54].
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3 Effective low-energy
quantum field theory

Having discussed the non-interacting theory in the previous chapter, we shall derive a complete
low-energy model, including Coulomb interactions, for electrons in undoped graphene. Thereby,
it proves convenient to work in the sublattice basis, where H0 is non-diagonal. Reformulating
the tight-binding model in terms of Grassmann-valued fields and functional integrals will lead
to an effective quantum field-theory that describes monolayer graphene in the vicinity of the
Dirac point. As such, it will form the basis for the later analysis of interaction effects. Moreover,
we shall draw a comparison between the graphene low-energy model and conventional Dirac
theory, which will naturally result in the emergence of a pseudospin. A bosonization of the
effective model by means of a Hubbard-Stratonovich transformation will conclude this chapter.

3.1 Low-energy Hamiltonian
By focusing on the non-interacting part, H0, of the tight-binding Hamiltonian (Eq. 2.12), we
were able to diagonalize the latter by a change of basis in operator space (Eq. 2.25),10

(
ak
bk

)
→
(
ck−
ck+

)
. (3.1)

However, the utility of this transformation must be questioned when we retain the interactions
within H. Although the non-interacting contribution would still be diagonal, it comes with
a strong complication of the interaction part Hint, as it is evident from Ref. [60], in which
the authors perform a similar transformation in the spinor Bose gas. This suggests that an
analysis of graphene in the helicity basis is unfavorable, and we will therefore proceed in the
sublattice basis.

In Eq. (2.18), we have defined the discrete Fourier transform of operators a, b, annihilating
electrons on lattice sites of the corresponding sublattices. Focusing, for simplicity, on sublattice
A, we denote this relation in the continuum limit (Eq. 2.21) as11

a(ri) =
∫

d2k

(2π)2 e
ik·ria(k). (3.2)

The first step in formulating a low-energy theory is to restrict the action of this operator to
the vicinity of the Dirac points by approximating [8, 49]

a(ri) ≈
∫ Λ0

k

{
ei(k+kD)·ria(k + kD) + ei(k−kD)·ria(k− kD)

}
(3.3a)

= eikD·ria+(ri) + e−ikD·ria−(ri) (3.3b)

=
∑
p

eik
p
D
·riap(ri), (3.3c)

where the operators ap(k) ≡ ap(k + kpD) annihilate excitations of momenta k + kpD. However,
notice that a real electron evidently consists of contributions at both Dirac points. Using the
10Cf. Bogoliubov transformations as, for example, utilized in the context of the BCS theory.
11All formulae stay valid under the substitution a→ b.
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CHAPTER 3 EFFECTIVE LOW-ENERGY QUANTUM FIELD THEORY

decomposition (3.3c), the non-interacting part of the model, H0, reads (Eq. 2.22)

H0 ≈ −t
∑
p

∫ Λ0

k

{
γ(k + kpD)a†p(k)bp(k) + γ∗(k + kpD)b†p(k)ap(k)

}
, (3.4)

in which we can substitute the expression for the form factor near the Dirac points, γ(k + kpD),
of Eq. (2.33),

H0 =
∑
p

∫ Λ0

k

{
αvF kxa

†
p(k)bp(k)− ivF kya†p(k)bp(k)

+ pvF kxb
†
p(k)ap(k) + ivF kyb

†
p(k)ap(k)

}
.

(3.5)

Combining the sublattice operators into two-spinors according to

ψ+ =
(
a+
b+

)
, ψ− =

(
b−
a−

)
, (3.6)

where it turns out to be useful to swap the sublattice operators at the K′ = −kD point, the
kinetic Hamiltonian of our low-energy theory is given by

H0 =
∑
p

∫ Λ0

k
ψ†p(k) [pvFσ · k]ψp(k). (3.7)

Here, σ = (σx, σy) is a vector of Pauli matrices, indicating the non-diagonal nature of H0 in
the sublattice basis.

Next, we proceed with the interaction part. First, we split up the interactions into four
contributions,

Hint = HAA +HBB +HAB +HBA, (3.8)

where the terms represent interactions within the same sublattice (HAA and HBB) and between
different sublattices (HAB and HBA). Further, we introduce density operators in real and
momentum space and their Fourier transforms (again exemplary for the A sublattice) as

ρA(ri) = a†(ri)a(ri) (3.9a)

=
∫

k

∫
k′
ei(k−k′)·ria†(k′)a(k) (3.9b)

=
∫

q

∫
p
e−iq·ria†(p + q)a(p), (3.9c)

ρA(q) =
∫

p
a†(p + q)a(p), (3.10)

where in third line, we applied substitutions q = k′ − k and k→ q. In this way, we obtain

HAB = 1
2

∑
i∈A,j∈B

V (ri − rj)ρA(ri)ρB(rj) (3.11a)

= 1
2

∫
q

∫
p

∫
p′
V (q)a†(p + q)a(p)b†(p′ − q)b(p′) (3.11b)

= 1
2

∫
q
V (q)ρA(q)ρB(−q), (3.11c)
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3.1 LOW-ENERGY HAMILTONIAN

Figure 3.1: Schematic visualization of the two types of forward scattering processes retained in
the low-energy model. The g4 processes take place in the Dirac cones individually,
whereas g2 involves both Dirac cones. Both types of scattering preserve the valley
affiliation of an electron. Note that the shown g2 process can also occur in reverse
(K → K’). Based on Refs. [2, 49]

and similar expressions for the other contributions in Eq. (3.8). Therein, the Fourier transform
of the Coulomb interaction potential, V (q), evaluates to

V (q) =
∫
d2re−iqr e

2

|r| = e2
∫ ∞

0
dr

(∫ 2π

0
dθe−iqr cos θ

)
︸ ︷︷ ︸

2πJ0(qr)

= 2πe2

|q|

∫ ∞
0

du J0(u)︸ ︷︷ ︸
=1

, (3.12)

where we recognized the zeroth Bessel function of the first kind, J0(x). Hence, the interaction
Hamiltonian in momentum space reads

Hint = 1
2

∫
q
V (q) {ρA(q)ρA(−q) + ρB(q)ρB(−q)

+ ρA(q)ρB(−q) + ρB(q)ρA(−q)} .
(3.13)

In order to obtain the desired low-energy theory, we proceed similar to the non-interacting
case and apply the decomposition (3.3c) to the sublattice operators in Eq. (3.9a),

ρA(q) ≈
∫ Λ0

k

{
a†+(k + q)a+(k) + a†−(k + q)a−(k)

+ei2kD·ria†−(k + q)a+(k) + e−i2kD·ria†+(k + q)a−(k)
}
.

(3.14)

Note that although q = k′ − k together with 0 ≤ k, k′ ≤ Λ0 implies a small momentum
transfer, i.e. q ≤ k′ + k . Λ0, the phase factors e±i2kD·ri lead to scattering processes of higher
momenta, as they enhance the effective q in the Fourier transform of the interaction [49]. The
corresponding processes are known as backscattering for q ≈ 2kD and Umklapp scattering
for q ≈ 4kD and they are sub leading at low energies [2, 49]. As is evident from the second
line in Eq. (3.14), these mechanisms involve transitions of electrons from one Dirac point to
another and, thus, can be neglected in a model of low-lying excitations. On the other hand,
the processes in the first line of Eq. (3.14) correspond to forward scattering, which transfers
only small momenta and hence preserves the valley affiliation. For that reason, we shall only
retain these contributions, which can conveniently be expressed in terms of the valley specific
density operators

ρA,p(q) =
∫ Λ0

k
a†p(k + q)ap(k), (3.15)
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and we obtain

Hint ≈
1
2

∫
q
V1(q) {ρA,+(q)ρA,+(−q) + ρA,−(q)ρA,−(−q) + ρB,+(q)ρB,+(−q)

+ ρB,−(q)ρB,−(−q) + ρA,+(q)ρA,−(−q) + ρA,−(q)ρA,+(−q)
+ ρB,+(q)ρB,−(−q) + ρB,−(q)ρB,+(−q) + ρA,+(q)ρB,+(−q)
+ ρA,−(q)ρB,−(−q) + ρB,+(q)ρA,+(−q) + ρB,−(q)ρA,−(−q)
+ ρA,+(q)ρB,−(−q) + ρA,−(q)ρB,+(−q) + ρB,+(q)ρA,−(−q)
+ ρB,−(q)ρA,+(−q)} .

(3.16)

Evidently, we can distinguish two types of forward scattering processes: The ones that occur
within a single cone (same valley index p) and those which involve both cones (Fig. 3.1). This
classification resembles the case of electrons in one spatial dimension, where one differentiates
g4 and g2 processes, respectively [2, 40]. The approximate interaction Hamiltonian in Eq.
(3.16) can be cast to the compact form

Hint = 1
2

∫
q
V (q)ρ(−q)ρ(q) (3.17)

by utilizing the spinor notation of Eq. (3.6) to construct density operators

ρ(q) =
∑
p

∫
k
ψ†p(k)ψp(k + q) (3.18a)

= ρA,+(q) + ρB,+(q) + ρB,−(q) + ρA,−(q). (3.18b)

In this way, we can summarize that the full low-energy Hamiltonian is given by

H =
∑
p

∫
k
ψ†p(k) [pvFσ · k]ψp(k) + 1

2

∫
q
V (q)ρ(−q)ρ(q), (3.19)

whereby it is understood from the derivation above, that the momentum integrals are limited
by the ultraviolet cutoff.12 Since the model is based on continuous momenta, as it is valid
in the limit of macroscopic graphene samples (Eq. 2.21), one introduces the dual real space
model in the continuous space coordinate r by means of a Fourier transformation.13 In this
way, due to the chain of identities

H0 =
∑
p

∫
k
ψ†p(k) [pvFσ · k]ψp(k) (3.20a)

=
∑
p

∫
k

∫
r

∫
r′
ψp(r)eikr [pvFσ · k] e−ikr′ψp(r′) (3.20b)

=
∑
p

∫
k

∫
r

∫
r′
ψp(r)eikr

[
pvFσ · i∇r′e

−ikr′
]
ψp(r′) (3.20c)

=
∑
p

∫
r

∫
r′
ψp(r) [ipvFσ ·∇r′δ(r′ − r)]ψp(r′) (3.20d)

= −
∑
p

∫
r

∫
r′
ψp(r) [ipvFσ ·∇r′ψp(r′)] δ(r′ − r) (3.20e)

= −
∑
p

∫
r
ψ†p(r) [ipvFσ ·∇]ψp(r), (3.20f)

12However, one might argue that V (q → ∞) for q → 0 and thus the most important contribution to the
integral is due to small q.

13The promotion of the lattice degree of freedom ri to a continuous variable is the naive continuous limit
a→ 0 [26, 49, 77]. Note that we do not rely on this limit when working with continuous momenta only.
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which essentially correspond to the identification k→ −i∇r, and

Hint = 1
2

∫
q
V (q)ρ(−q)ρ(q) (3.21a)

= 1
2

∫
r

∫
r′
ρ(r)V (r− r′)ρ(r′), (3.21b)

where ρ(r) =
∑
p ψ
†
p(r)ψp(r) is the Fourier transform of ρ(q), one obtains the following real

space representation of the low-energy model,

H = −
∑
p

∫
r
ψ†p(r) [ipvFσ ·∇]ψp(r) + 1

2

∫
r

∫
r′
ρ̂(r)V (r− r′)ρ̂(r′). (3.22)

3.2 Effective quantum field-theory
Although the above effective Hamiltonians in real space (Eq. 3.22) and momentum space (Eq.
3.19) describe the low-energy theory underlying the further analysis, the functional renormal-
ization group approach is most naturally expressed in the functional integral representation of
many-particle physics. For that reason, it is necessary to rephrase the model in terms of fields
and perform a transition to the Lagrangian formalism. Thereby, we shall restrict ourselves to
only presenting the essentials of such a reformulation. For a discussion of the procedure in
full detail, we refer to standard text books on many-body physics [2, 52]. In particular, the
following is based on Refs. [38, 52].
The footing of the functional integral formulation of many fermion systems are coherent

states. Commonly introduced in the context of the harmonic oscillator, where they possess
the special property of retaining their shape under time evolution, they are generically defined
as eigenstates of annihilation operators,

cα |{χ}〉 = χα |{χ}〉 . (3.23)

Here, we use the single letter c for the low-energy operators in Eq. (3.3c) and put the sublattice
information together with the valley index and the position argument into the unifying label α,
e.g. α = (a,+, r). It is immediately clear that the {χ} cannot be usual numbers, since
according to

cαcβ |{χ}〉 = −cβcα |{χ}〉 ⇒ χαχβ + χβχα
!= 0

⇔ {χα, χβ} = 0,
(3.24)

they must anti-commute. Instead, one can utilize Grassmann variables {χ} to write the
coherent states |{χ}〉 explicitly as

|{χ}〉 = e−
∑

α
χαc

†
α |0〉 , (3.25)

where |0〉 denotes the vacuum state. Evidently, these states {|{χ}〉} are, due to their Grassmann
nature, no part of the traditional Fock-space, and one has to extend the latter by allowing
for Grassmann-valued prefactors in linear combinations. Noticing that two coherent states as
in Eq. (3.25) have the overlap 〈{χ}|{χ′}〉 = exp

(∑
α
χαχ

′
α

)
, where they are normalized with

respect to the vacuum individually, i.e. 〈0|{χ}〉 = 1, the completeness relation of this extended
Fock-space reads

1Fock = Πα

∫
dχαdχαe

−
∑

α
χαχα |{χ}〉 〈{χ}| , (3.26)

in which the {χ} are the conjugated Grassmann variables, associated to the creation opera-
tors c†α by means of the conjugate of Eq. (3.23). Finally, using this eigenvalue equation, one
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can show that taking the expectation value between coherent states essentially corresponds to
a substitution of creation and annihilation operators by Grassmann variables. More precisely,
given a generic normal-ordered operator A = :A:, we have the crucial identity

〈{χ}|A({c†α, cα}) |{χ′}〉 = A({χ, χ′})e
∑

α
χαχ

′
α . (3.27)

3.2.1 Time evolution operator
It is Eqs. (3.26) and (3.27) together with Feynman’s path integral idea that constitute the
functional integral formulation. Consider the following expectation value of the time evolution
operator

〈{χf}|U |{χi}〉 = 〈{χf}| e−iH |{χi}〉 . (3.28)

The strategy is to slice the time dimension by inserting multiple representations of the unity
operator. Explicitly, this reads

〈{χf}|U |{χi}〉 = 〈{χf}| e−iNεH |{χi}〉 (3.29a)
= 〈{χf}| e−iεH1Focke

−iεH1Fock . . . e
−iεH1Focke

−iεH |{χi}〉 (3.29b)

=
(

ΠN−1
j=1 Πα

∫
dχα,jdχα,j

)
e
−
∑N−1

j=1

∑
α
χα,jχα,j

×ΠN−1
j=0 〈{χj+1}| e−iεH |{χj}〉

(3.29c)

where we defined ε = (tf − ti)/N and inserted N − 1 unity operators as in Eq. (3.26).
Subsequently, the application of Eq. (3.27) to the remaining expectation values occuring in
the last line leads to an overall expression that is free of any operators; the function of the
latter has been completely taken over by Grassmann variables. However, this step requires the
operator in the expectation value to be normal ordered, which is only the case to first order in
ε [38],

e−iεH = :e−iεH: +O(ε2). (3.30)

Hence, one must take the limit ε→ 0, or equivalently N → 0, in which higher order corrections
vanish and the index j, marking different time slices, becomes continuous. In this way, one
obtains the functional integral representation

〈{χf}|U |{χi}〉 =
∫
D(χ, χ)e

∑
α
χα(tf )χα(tf )e

i
∫ tf
ti

dt[
∑

α
iχα(t)∂tχα(t)−H(χα(t),χα(t))]

, (3.31)

in which

D(χ, χ) = lim
N→∞

(
ΠN
j=1Πα

∫
dχα,jdχα,j

)
(3.32)

denotes the functional integration measure.

3.2.2 Partition function
Based on Eq. (3.31), it is now straightforward to obtain a functional integral representation of
the partition function,

Z = Tr
(
e−βH

)
. (3.33)

Here, β represents the inverse temperature of the system, i.e. β = 1/kBT , and we shall take
the low-temperature limit β → ∞ shortly. Writing the trace as a sum over a complete set
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of Fock-space states {|n〉} and inserting an unity operator in coherent state representation
(Eq. 3.26), we can write

Z =
∑
n

〈n| e−βH |n〉 =
∑
n

〈n| e−βH1Fock |n〉 (3.34a)

= Πα

∫
dχαdχαe

−
∑

α
χαχα 〈{−χ}| e−βH |χ〉 , (3.34b)

where we omitted the identity in the form
∑
n |n〉 〈n| after exchanging14

〈n|{χ}〉 〈{χ}|n〉 = 〈{−χ}|n〉 〈n|{χ}〉 . (3.35)

The remaining expectation value may now be identified with Eq. (3.29a) if we apply the
substitutions {χi} → {χ}, {χf} → {−χ}, and

i(tf − ti)→ β. (3.36)

Thereby, Eq. (3.36) corresponds to a Wick rotation of the real time axis by π/2 radians,
resulting in t being purely imaginary [2, 38]. The so called imaginary time τ = it is then a
real number that can be compared with the inverse temperature. Eventually, one obtains the
continuous functional integral representation

Z =
∫
D(χ, χ)e−S[χ,χ], (3.37)

S
[
χ, χ

]
=
∫ β

0
dτ

{∑
α

χα(τ)∂τχα(τ) +H
(
χα(τ), χα(τ)

)}
, (3.38)

with the Euclidean action S.

3.2.3 Effective action and non-interacting Green’s function
As we recognized around Eq. (3.6), it is advantageous to work with a spinor representation
of sublattice degrees of freedom. It is therefore advisable to also adopt this notation in the
functional integral representation by introducing the two component Grassmann fields

ψ+(r, τ) =
(
χ(a,+,r)
χ(b,+,r)

)
, ψ−(r, τ) =

(
χ(b,−,r)
χ(a,−,r)

)
. (3.39)

Furthermore, one can combine the imaginary-time and position argument into a single four-
vector X = (r, τ). With this preparation, we can substitute the low-energy model, H, into Eq.
(3.38) to obtain the Euclidean action

S
[
ψ†, ψ

]
=
∑
p

∫
X

ψ†p(X) [∂τ − ipvFσ ·∇]ψp(X)

+ 1
2

∫ β

0
dτ

∫
r

∫
r′
ρ(r, τ)V (r− r′)ρ(r′, τ),

(3.40)

where
∫
X
≡
∫
dτ
∫
d2r, and ρ(r, τ) =

∑
α ψ
†
α(r, τ)ψα(r, τ) is the time-dependent version of

the spinor density in Eq. (3.18a).
Similar to the Hamiltonian case, we shall proceed by Fourier transforming the above

imaginary time, real space action to derive an equivalent Matsubara frequency, momentum
space representation. In the limit of low-temperatures,

1/β
∑
ωn

∫
k

β→∞→
∫
ω

∫
k
≡
∫
K

, (3.41)

14Note the additional minus sign due to the anti-commutation property of the Grassmann variables [2, 38].
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the transformation equations for the spinor Grassmann fields are

ψp(X) = 1
β

∑
ωn

∫
d2k

(2π)2 e
i(kr−ωnτ)ψp(K) =

∫
K

ei(kr−ωnτ)ψp(K), (3.42)

ψα(K) =
∫ β

0
dτ

∫
d2re−i(kr−ωnτ)ψ(X) =

∫
X

e−i(kr−ωnτ)ψα(X), (3.43)

where K = (k, iωn), and the

ωn

ωn

}
=
{

(2n+1)π
β , for fermions,

2nπ
β , for bosons,

(3.44)

denote the customary Matsubara frequencies. This leads to the momentum low-energy action

S
[
ψ†, ψ

]
=−

∑
p

∫
K

ψ†p(K) [iω − pvFσ · k]ψp(K) + 1
2

∫
Q

V (Q)ρ(−Q)ρ(Q), (3.45)

with the composite field

ρ(Q) =
∑
p

∫
K

ψ†p(K)ψp(K +Q) (3.46)

representing the density. Evidently, the Matsubara frequencies in Q must be bosonic for K+Q

to be fermionic, which we denote by Q = (iω,q).

Based on the model in Eq. (3.45), it is now straightforward to identify the non-interacting
Matsubara Green’s function of the system. Within the functional integral formulation, the
latter is customarily defined as [2, 38]

G0,p(K) ≡
〈
ψp(K)ψ†p(K)

〉func
0 , (3.47)

where

〈. . . 〉func
0 = 1

Z0

∫
D(ψ†, ψ)e−S0[ψ†,ψ](. . . )

=
∫
D(ψ†, ψ)e−S0[ψ†,ψ](. . . )∫
D(ψ†, ψ)e−S0[ψ†,ψ]

(3.48)

denotes a functional integral average with respect to the non-interacting part of the action.
Because of the extensibility of multidimensional Gaussian integrals to the Grassmann case, we
can generically identify the inverse of G0,p(K) with the operator kernel of the Gaussian part
of the action [2],

[G0,p(K)]−1 = iω − pvFσ · k. (3.49)

Hence, by multiplying Eq. (3.49) with iω + pvFσ · k and defining vp ≡ pvF , we find the
non-interacting Matsubara Green’s function

G0,p(K) = − iω + vpσ · k
ω2 + v2

Fk2 . (3.50)

Notice that G0,p(K) is a non-diagonal Hermitian matrix,

G0,p(K) =
(
Gaa0,p Gab0,p
Gba0,p Gbb0,p

)
∼
(

iω vp(kx − iky)
vp(kx + iky) iω

)
, (3.51)

which indicates non-commutativity in contrast to the common case G0 ∼ 1. This is purely
due to the sublattice nature of graphene, which is reflected in the spinor notation. In contrast,
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momentum and valley degrees of freedom do not mix in the free part of the action, and the
Matsubara Green’s function matrix extended to the corresponding subspaces is diagonal,

[G0(K)]p,p′ = G0,pp′(K) = δp,p′G0,p(K), (3.52)

[G0]p,p′,K,K′ = G0,pp′(K,K ′) = δ(K −K ′)δp,p′G0,p(K). (3.53)

Except for the not explicitly mentioned electron spin, the latter matrix G0 is the most general
representation of the non-interacting Green’s function in graphene.15

3.3 Resemblence to Dirac theory
As already asserted around Eq. (2.39), the low-energy description of electrons in graphene
resembles a conventional two-dimensional Dirac theory of spin one-half fermions. In the
following, we want to make this analogy precise at two levels: first, in the Hamiltonian picture
(Sec. 3.1); secondly, in terms of the Lagrangian density, most commonly being the starting
point of a quantum field-theoretical discussion in QFT textbooks [61, 63, 72]. Albeit not
resolving all the confusion someone new to the field might have, these approaches will allow
us to gain some understanding of the rather wild nomenclature used in graphene literature.
Additionally, we shortly address the symmetries of the model, leading to the concept of chiral
symmetry breaking, which is a topic of great interest in the graphene field [10, 15, 36, 58, 62,
66, 75].

3.3.1 Pseudospin and helicity
Obvious from Eq. (3.7), the kinetic part H0 corresponds to a single particle Hamiltonian

H = pvFσ · k. (3.54)

If we identify vF = c = 1, as it is common in the relativistic framework, and forget about
the sign due to the valley degree of freedom, this coincides with the 2D Dirac Hamiltonian
(Appendix A) [21, 38],

HDirac = σ · k +mσz, (3.55)

for vanishing mass. Thereby, the vector of Pauli matrices σ usually represents the inherent
spin (one-half) of the electrons. Remember that we do not explicitly account for this physical
spin in our tight-binding model (Eq. 2.12). Therefore, the spin appearing in Eq. (3.54), σ, is
an additional pseudospin, which is solely emerging from the lattice structure of graphene. In
fact, evident from the spinor representation (Eq. 3.39), it is the two sublattices and hence the
two atoms in the primitive unit cell that give rise to this pseudospin. Therefore, the sublattice
and pseudospin degrees of freedom coincide, and one can use the designations interchangeably.

It is instructive to introduce the helicity operator hk corresponding to the projection of the
pseudospin σ onto the electron’s quasi-momentum k,16

hk = σ · k
|k| . (3.56)

Clearly, it is Hermitian and unitary, and additionally fulfills the eigenvalue equation

hk |h = ±〉 = ± |h = ±〉 . (3.57)

15We shall use the same label G for all Matsubara Green’s functions. The respective subspace (matrix
representation) can be inferred from the attached arguments.

16Let us remark that the pseudospin is actually given by ~
2 σ rather then σ. For convenience, we shall

nonetheless refer to hk as helicity.
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Figure 3.2: Schematic visualization of the relation λ = ph (Eq. 3.60) connecting the valley
index p, the helicity h and the band index λ. Based on Ref. [21].

By comparison, we note that Eq. (3.54) can be expressed in terms of the helicity operator as

H = pvF khk, (3.58)

and is therefore diagonal in the helicity basis {|h = ±〉} with eigenenergies

Eph(k) = phvF k. (3.59)

This justifies the designation of the diagonal basis as helicity basis around Eq. (2.25). More
importantly, we can deduce a relation between the valley degree p, the band index λ, and the
helicity h by comparing Eqs. (2.39) and (3.59),

λ = ph, (3.60)

which is visualized in Fig. 3.2.

3.3.2 Lagrangian density and chiral symmetry breaking

In contrast to the operator discussion above, we further want to emphasize the similarity at
the level of quantum field theory. Therefore, starting from the Gaussian part of the action
in Eq. (3.40), we perform a Wick rotation from imaginary to real time, which leads to the
formulation

S0[ψ†, ψ] = i
∑
p

∫
X

ψ†p(X) [∂t + pvFσ ·∇]ψp(X), (3.61)

in which X = (r, t). Introducing the four-spinor representation [49],

ψ =
(
ψp=+
ψp=−

)
, (3.62)

and the Dirac gamma matrices in Weyl representation [72],

γ0 =
(

0 −1
−1 0

)
, γi =

(
0 σi
−σi 0

)
, (3.63)
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we can rewrite the two contributions in Eq. (3.61) according to

i
∑
p

ψ†p(X)∂tψp(X) = iψ†∂tψ (3.64)

= iψγ0∂0ψ, (3.65)
(3.66)

i
∑
p

ψ†p(X) [pvFσ ·∇]ψp(X) = ivFψ
†
(
σi 0
0 −σi

)
∂iψ (3.67)

= ivFψ

(
0 −1
−1 0

)(
σi 0
0 −σi

)
∂iψ (3.68)

= iψvF γ
i∂iψ, (3.69)

where ψ ≡ ψ†γ0, ∂0 ≡ ∂t, i ∈ {1, 2}. Additionally, we used γ0γ0 = 1 and employed the
Einstein summation convention for convenience. All together, the action takes the simple form

S0[ψ,ψ] =
∫
X

iψ
[
γ0∂0 + vF γ

i∂i
]
ψ. (3.70)

If we now identify the Fermi velocity with the speed of light, i.e. vF = c = 1, we can write
down the Lagrangian density of the theory, that is the integral kernel in Eq. (3.70), in Feynman
slash notation, i.e. /∂ ≡ γµ∂µ, µ ∈ {0, 1, 2}, as follows,

L0 = ψ(iγµ∂µ)ψ = ψ(i/∂)ψ. (3.71)

Expectably, this coincides precisely with the relativistic (2+1)-dimensional Dirac field theory
[61, 63, 72],17

L0 = ψ(i/∂ −m)ψ (3.72)

in the massless case.
Note that we used the Weyl representation of the Dirac matrices in the derivation of

Eq. (3.71). Hence, the two component Grassmann fields ψ+, ψ− correspond to right- and
left-handed Weyl spinors ψR, ψL. Thereby, the handedness of the spinors is commonly referred
to as chirality. In this sense, we can utilize the additional gamma matrix

γ5 =
(
1 0
0 −1

)
, (3.73)

to define chiral projection operators P± = (1± γ5)/2 such that P±ψ = ψp=± [72]. Obviously,
they take the explicit form

P+ =
(
1 0
0 0

)
, P− =

(
0 0
0 1

)
, (3.74)

as the two subspace, corresponding to different chiralities, are separated in the Weyl represen-
tation of the Lorentz group.18 This leads to the conclusion that the valley index p may be
identified with the chirality of the Grassmann spinors ψp. Hence, it is justified to refer to p
as chirality index, as e.g. in Ref. [49]. However, in the spirit of condensed matter theory, an
interpretation as valley index seems to be more natural.

17The notation “(2+1)” refers to one time and two spatial dimensions.
18Essentially, the Lorentz group is generated by ordinary spatial rotations and Lorentz boosts, consistent with

Einstein’s postulates of special relativity.
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Finally, we want to address the symmetries of L0 (Eq. 3.71). Of course, as being a relativistic
theory, the Lagrangian is invariant under the Poincàre group.19 Furthermore, related to the
conservation of electrical charge, L0 does not change under global U(1)-transformations, i.e.
ψ → eiφψ, since the constant exponential factors appear with different signs and cancel each
other. Most important in the context of graphene, the theory possesses an additional chiral
symmetry, that is invariance under rotations generated by γ5 [49, 72]. The corresponding
transformations thus read

ψ → eiγ5θψ, (3.75)
ψ† → ψ†e−iγ5θ. (3.76)

Due to the anti-commutation property {γ5, γµ} = 0, the second line implies

ψ = ψ†γ0 → ψ†e−iγ5θγ0 = ψeiγ5θ, (3.77)

as one can easily check by using the series representation of the exponential function. Com-
muting once again with /∂ = γµ∂µ in Eq. (3.71) leads to another switch of sign within the
exponential and thus to invariance.
Of course, up to this point, this might seem to be an abstract concept of particle physics

with no particular relevance to graphene. However, note that additional mass term (Eq. 3.72)
breaks this chiral symmetry, since it transforms as

−mψψ → −me2iγ5θψψ. (3.78)

This process, known as chiral symmtry breaking, corresponds to a charge-density wave state
in a condensed matter point of view, as it leads to an explicit breaking of the sublattice
symmetry. This is obvious from Eq. (3.55), where the mass term is proportional to σz,
producing sublattice density terms ma†a, mb†b with alternating sign in the corresponding
second quantized Hamiltonian in Eq. (3.7).20 As a consequence, the system will no longer
be a semi-metal but instead display a gap, ∆ = 2m, in the energy spectrum [41]. Whether
such a gap is emerging in graphene under specific conditions is an open question in the field.
Theoretically, mostly by strong-coupling [4, 58] and Monte Carlo studies [15, 75], it is expected
that the chiral symmetry gets spontaneously broken for effective interaction strengths exceeding
a critical value, i.e. α > αc, turning graphene into an excitontic insulator [8, 41]. However,
there exists no experimental evidence of such a gap up to the day of this writing [4, 41]. For
that reason, we shall limit the FRG approach of this work to the symmetric case, although it
can be extended in this direction.

Finally, let us emphasize that only the kinetic part of our low-energy model can precisely be
identified with a corresponding relativistic QFT, i.e. the (2+1)-dimensional Dirac theory. As a
result, the full low-energy effective theory in Eqs. (3.45) and (3.40) does not exactly correspond
to (2+1)-dimensional QED, which additional to the plain Dirac theory, L0, incorporates
interactions by coupling the fermionic fields to a photon gauge field. The reason for this
discrepancy is simply that we started with a non-relativistic tight-binding model from the very
outset, which is motivated by the fact that Coulomb interactions, mediated by photons, may
be assumed to be instantaneous on the scale of the electron motion (Eq. 2.40). In fact, our
model coincides with the leading order term of an vF /c expansion of the corresponding QED
description [77]. In case of an increase of the Fermi velocity, as seen in experiment (Fig. 1.2),
the validness of the chosen approach must be verified. We will take up on this point in the
subsequent chapter.

19The Poincàre group extends the Lorentz group by simple space-time translations.
20Recall that the sublattice operators a and b are interchanged in ψp and ψ†p.
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3.4 Bosonization in the density channel
In the preceding sections, we derived a momentum space action (Eq. 3.45) representing a
low-energy quantum field-theory for electrons in graphene. We want to conclude this chapter
by reformulating this model once again, to obtain a description involving both fermionic and
bosonic fields. This bosonization will prove convenient to apply the functional renormalization
group technique just similar to the case of conventional fermion systems [40]. Furthermore, it
has been successfully employed especially in one dimensional fermion systems where the Fermi
surface is also just two points [2, 37]. Technically, the introduction of an artificial bosonic field
is realized by a Hubbard-Stratonovich transformation [37], where the interaction part Sint of
our low-energy theory in Eq. (3.45), since it is bilinear in the density, suggests a decoupling
in the density channel [2]. Appearing in form of an exponential in the partition function
(Eq. 3.37), we rewrite the interaction part as

e−Sint[ψ†,ψ] = exp
[
−1

2

∫
Q

V (q)ρ(−Q)ρ(Q)
]

(3.79)

= exp
[
−1

2

∫
Q

V (q)ρ(−Q)ρ(Q)
]

× 1
Z0[ϕ]

∫
Dϕ exp

[
−1

2

∫
Q

V (q)−1ϕ(−Q)ϕ(Q)
]

︸ ︷︷ ︸
=Z0[ϕ]
Z0[ϕ] =1

(3.80)

= 1
Z0[ϕ]

∫
Dϕ exp

[
−1

2

∫
Q

V (q)−1ϕ(−Q)ϕ(Q)− iρ(−Q)ϕ(Q)
]
, (3.81)

where we performed the substitution ϕ(Q)→ ϕ(Q) + iV (q)ρ(Q), which leaves the functional
integration measure invariant. Note, that in this way the terms quadratic in the fermion
density cancel and the intrafermion interaction vanishes. Hence, the Hubbard-Stratonovich
transformation is essentially a straightforward manipulation of an Gaussian integral. Identifying
the free bosonic action and the fermion-boson interaction in Eq. (3.81) as

S0[ϕ] = 1
2

∫
Q

V (q)−1ϕ(−Q)ϕ(Q), (3.82)

Sint
[
ψ†, ψ, ϕ

]
= i

∫
Q

ρ(−Q)ϕ(Q), (3.83)

respectively, we can express the partition function in the terms of the fermionic and bosonic
degress of freedom,

Z
[
ψ†, ψ

]
Z0 [ψ†, ψ] =

∫
D
(
ψ†, ψ

)
e−S[ψ†,ψ]∫

D (ψ†, ψ) e−S0[ψ†,ψ] (3.84)

=
∫
D
(
ψ†, ψ, ϕ

)
e−S0[ψ†,ψ]−S0[ϕ]−S1[ψ†,ψ,ϕ]∫

D (ψ†, ψ, ϕ) e−S0[ψ†,ψ]−S0[ϕ] (3.85)

≡
Z
[
ψ†, ψ, ϕ

]
Z0
[
ψ,ψ, ϕ

] . (3.86)

This leads to the mixed Bose-Fermi theory

S
[
ψ†, ψ, ϕ

]
=−

∑
p

∫
K

ψ†p(K) [iω − vpσ · k]ψp(K)

+ 1
2

∫
Q

V (q)−1ϕ(−Q)ϕ(Q) + i

∫
Q

ρ(−Q)ϕ(Q).
(3.87)

Let us emphasize, that this model is formally identical to the original one in Eq. (3.45), as it
has been derived by a simple and exact integral manipulation. Nevertheless, we altered the
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CHAPTER 3 EFFECTIVE LOW-ENERGY QUANTUM FIELD THEORY

perspective substantially, as the fermionic fields ψp(Q), ψ†p(Q), representing electrons, do no
longer directly interact with each other at all. Instead, all fermion-fermion interactions are
now mediated by the bosonic field ϕ(Q), which in this sense may be viewed as representing
photons [77]. Note that the Coulomb interaction V (q) appears to be the free propagator of
those bosons, and we may therefore denote the bosonic non-interacting Matsubara Green’s
function as

F0(Q) = V (q). (3.88)

In contrast to the fermionic degrees of freedom, the bosonic field must be real, i.e. satisfies
ϕ(Q)∗ = ϕ(−Q), as it couples to the Fourier transform of the density, which also possesses
this symmetry [37].
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4 Interactions and
weak-coupling theory

In what follows, we will consider the effect of many-body electron-electron interactions in
graphene. Subsequent to general reflections on the low-energy nature of the interacting
Matsubara Green’s function, we explicitly focus on weak-coupling treatments like conventional
perturbation theory, that is an expansion in the effective interaction strength, α, up to small
orders. Clearly, such an approach relies on the smallness of α, which in case of freestanding
graphene (α = 2.2) is not justifiable. Hence, it must be strongly doubted that the consequences
of interelectron Coulomb interactions in graphene monolayers can be accurately described
by perturbation theory. However, besides the simplicity of this method, the value of α is
being reduced - yet still being of the order of unity - by realizing graphene on substrates.
For those reasons, perturbative calculations up to first and second order in the effective
interaction strength have been conducted in literature [4, 26, 50, 76]. Similarly, the random-
phase approximation (RPA) has been employed to study the renormalization of the velocity in
graphene. Most astonishingly, recent experiments claim to have directly observed the velocity
renormalization predicted by such weak-coupling analyses [9, 17, 70, 87] (Fig. 1.2). In the
course of going beyond those theoretical approaches, this work would be utterly incomplete
without a review of the same.

4.1 Self-energy
Generically, the effects of interparticle Coulomb interactions are theoretically modeled in form
of a self-energy, Σ(K). Roughly speaking, the latter describes the change of energy of a single
electron due to interactions with the physical system it is part of. However, the self-energy does
not only define the effective single-particle’s energy dispersion but also indicates if particles are
well-defined at all. In what follows, we shall generally consider the implications of interactions
by deriving the low-energy structure of Σ(K) in the context of graphene. Therefore, we
introduce the self-energy via the Dyson equation,21

[Gp(K)]−1 = [G0,p(K)]−1 + Σp(K), (4.1)

relating the inverse of the non-interacting and full Matsubara Green’s function. In diagrammatic
language, the self-energy incorporates all one-particle irreducible diagrams, as appearing in the
perturbative expansion of the interacting Green’s function, with amputated free propagator
legs.22 This is more obvious by rewriting Eq. (4.1) recursively as

Gp(K) = G0,p(K) +G0,p(K)Σp(K)Gp(K) (4.2)
= G0,p +G0,pΣpG0,p +G0,pΣpG0,pΣpG0,p + . . . . (4.3)

Recalling the earlier result for the free propagator (Eq. 3.49), we can generically express the
interacting Green’s function in graphene as

Gp(K) = 1
iω − pvFσ · k− Σp(K) . (4.4)

21Notice that we assume a self-energy that is diagonal in the valley subspace (cf. Eq. 3.52), consistent with the
low-energy expansion of Chapter 3.

22A diagram is one-particle irreducible if (and only if) it cannot be split into two separate diagrams by only
cutting one propagator line.
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Of course, the self-energy might in principle take any shape. Nonetheless, one might argue
from the non-interacting limit that at least some characteristic features of the free Green’s
function will survive the (adiabatically) turning-on of interactions. In fact, it is precisely such
a line of thought that underlies the successful Landau Fermi liquid description of usual metals.
In this work, where we focus upon the low-energy regime of graphene, we expect only the
leading term of a frequency expansion of Σp(K) to be relevant. Therefore, we generally assume
the self-energy to be of the form

Σp(k, iω) = Σp(k, 0) + ∂Σp(k, iω)
∂iω

∣∣∣∣
ω=0

iω +O(ω2) (4.5)

≈ Σp(k, 0) + (1− Z−1)iω, (4.6)

where

Z−1 = 1− ∂Σp(k, iω)
∂iω

∣∣∣∣
ω=0

= Z−1
p (k). (4.7)

This anticipated low-energy structure the self-energy will prove consistent with the subsequent
perturbative and RPA analysis, and it will enter in the FRG approach in Chapter 6. Note that
being crucial for the velocity renormalization, the full (low-energy) wave vector dependence is
retained in Eq. (4.6). Moreover, in the absence of spontaneous breaking of the chiral symmetry
(Sec. 3.3.2), the self-energy has the same matrix structure as the free Matsubara Green’s
function, and we expect

Σp(k, 0) ≈ pV (k)σ · k, (4.8)

with a general functional prefactor V (k). Thereby, the latter does only depend on the
momentum magnitude, as follows from the fact that the Dirac cones are already isotropic in
the non-interacting case.

Due to long-range Coulomb interactions according to Eq. (4.6), the elementary excitations
of graphene, described by the poles of the interacting Matsubara Green’s function, should no
longer be considered as electrons but rather as quasi-particles. Figuratively speaking, those
objects might be viewed as electrons dressed by interactions. More formally, using the above
low-energy expansion, the full propagator of the system reads

Gp(K) = Z

iω − pv(k)σ · k (4.9)

= Z
iω + pv(k)σ · k
ω2 + ξ2(k) , (4.10)

indicating that, in contrast to a constant Fermi velocity in the non-interacting description, the
renormalized momentum-dependent velocity and energy dispersion of those quasi-particles are
given by23

v(k) ≡ Z [vF + V (k)] , ξ(k) ≡ v(k)k, (4.11)

and Z can be viewed as the quasi-particle residue. As such, it signifies if those particle-like
objects are well-defined. This manifests itself in the spectral function (Eq. 2.50), where
the quasi-particle residue determines the residual intensity of peaks, which due to Coulomb
interactions become widened and clinched [2, 38]. Hence, a vanishing Z, i.e. Z ≈ 0, indicates
the breakdown of the quasi-particle picture.

23At this point, the designation “renormalized velocity” simply refers to a modified Fermi velocity due to
Coulomb interactions. As we shall see in the following, the latter imply a ultraviolet-divergence of the
self-energy, which requires a renormalization of the velocity in the QFT sense [26].
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4.2 Perturbation theory
Following these general considerations, we shall proceed by explicitly calculating the graphene
self-energy to leading order in the effective interaction strength, α. Therefore, one must,
obviously, assume the smallness of α, which in freestanding graphene sheets, where α = 2.2, is
strongly violated (Ch. 1). Even when graphene is grown on top of substrates, the effective
interaction strength is of the order of unity, i.e. α ≈ 0.5 − 2.2, and cannot be considered
small. Hence, there is no a priori reason to believe that perturbation theory will capture
the impact of Coulomb interactions in such graphene monolayers correctly. However, there
are still good reasons to conduct a perturbative analysis at this point. First, to be serious, a
discussion on graphene many-body effects should review the important results of the available
literature, and an expansion in α has been carried out in multiple studies [4, 26, 41, 50].
Secondly, in the course of a discussion of the modification of the Fermi velocity due to Coulomb
interactions, it is highly instructive, as already the leading-order term of the perturbative series
implies a strong renormalization. Most importantly though, the weak-coupling prediction for
this renormalized velocity has, astonishingly, been observed in experiment up to reasonable
accuracy [9, 17, 43, 70, 87] (Fig. 1.2) and should therefore, at least qualitatively, also be
obtained by a more sophisticated study of Coulomb interactions. Hence, a work on graphene
would be utterly incomplete without a derivation of this important result.

The leading-order term in the self-energy perturbative expansion is given by

Σ1
p(K) = −

∫
Q

V (Q)G0,p(K +Q), (4.12)

as visualized diagrammatically in Fig. 4.1. Substituting the expressions for the interaction
potential (Eq. 2.14) and the non-interacting Green’s function (Eq. 3.50), this reads

Σ1
p(k, iω) =

∫
d2q

(2π)2

∫
dω

2π
2πe2

q

iω + iω + vpσ · (k + q)
(ω + ω)2 + v2

p(k + q)2 , (4.13)

which, by performing the substitution Q→ Q+K, can be split up according to

Σ1
p(k, iω) = e2

∫
dq2

(2π)2

∫
dω

1
|q − k|

1
ω2 + v2

pq
2 [iωσ0 + vpσxqx + vpσyqy] (4.14)

= Σ1
p,σ0

+ Σ1
p,σx + Σ1

p,σy . (4.15)

Here, the Σ1
p,σn correspond to the terms in Eq. (4.14) which are proportional to the corre-

sponding Pauli matrices σn ∈ {σ0, σx, σy}. In this way, we see that Σ1
p,σ0

= 0, because of
the different symmetries of the nominator and denominator under transformations ω → −ω.

Figure 4.1: Diagrammatic representation of the first-order self-energy (a) and the polarization
function (b). Solid lines correspond to fermionic propagators and wavy lines
represent Coulomb interactions (bosonic propagators). The diagram in (b) is
commonly referred to as polarization bubble or particle-hole bubble.
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Hence, we must only consider the two remaining contributions

Σ1
p,σi = e2vpσi

∫
dq2

(2π)2
qi

|q − k|

∫
dω

1
ω2 + (vpq)2 . (4.16)

There, the present frequency integral can easily be solved by a simple substitution, y = ω/vF q,
and using that the antiderivative of 1/(y2 + 1) is given by the inverse tangent. Hence, those
terms simplify to

Σ1
p,σi = απvpσi

∫
d2q

(2π)2
1
q

qi
|q − k| , (4.17)

where we identified α = e2/vF . Recombining them and substituting q→ q − k, the complete
first order self-energy reads

Σ1
p =

∑
i∈{x,y}

Σ1
p,σi = απvp

∫
d2q

(2π)2
σ · (q + k)
|q + k||q| . (4.18)

The momentum integration can be performed in various ways (Appx. C). At this point, we will
follow Barnes et al. in Ref. [4] and employ elliptic coordinates. For convenience, we may also
consider the special case k = (k, 0) and generalize the result in hindsight. Hence, we apply the
transformations

qx = k

2 (cosh u cosϕ− 1), (4.19)

qy = k

2 sinh u sinϕ, (4.20)

where 0 ≤ u ≤ ∞, 0 ≤ ϕ ≤ 2π, and the Jacobi determinant is given by

det J = k2

4 (cosh2 u− cos2 ϕ). (4.21)

In this way, we obtain the identities

|q| = k

2 (cosh u− cosϕ), (4.22)

|q + k| = k

2 (cosh u+ cosϕ). (4.23)

leading to

Σ1
p = α

4πvpσ ·
∫ 2π

0
dϕ

∫ ∞
0
du

k2

4 (cosh2 u− cos2 ϕ)
k2

4 (cosh u− cosϕ)(cosh u+ cosϕ)︸ ︷︷ ︸
=1

×
(
k
2 (cosh u cosϕ+ 1)

k
2 sinh u sinϕ

) (4.24)

= αk

8π vpσ ·
∫ 2π

0
dϕ

∫ ∞
0

du (1 + cosh u cosϕ, sinϕ sinh u)T . (4.25)

Thereby, one can clearly see the advantage of the elliptic coordinates: the appearing denom-
inator completely cancels with the Jacobi determinant; a motif that will reappear multiple
times throughout this work.

Looking at the µ-integrals in Eq. (4.25), we recognize that all three of them diverge, which
is most easily seen by using the representations

sinh u = 1
2
(
eu − e−u

)
, (4.26)

cosh u = 1
2
(
eu + e−u

)
, (4.27)
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implying sinh u → ∞, cosh u → ∞ for u → ∞. Therefore, we conclude that the first-order
perturbative graphene self-energy is ultraviolet divergent and must be regularized by the
introduction of a cutoff umax. However, it is more natural to introduce the latter in terms of
the original momenta by imposing the physical restriction |q| < Λ0. In this way, Λ0 may be
associated with the natural ultraviolet cutoff due to the existance of a honeycomb lattice, i.e.
Λ0 ∼ 1/a (see below Eq. 2.33). Since the transformations in Eqs. (4.19) and (4.20) imply

|q| = k

2 (cosh u− cosϕ), (4.28)

we obtain the cutoff-relation

umax = cosh−1
(

2Λ0

q
+ cosϕ

)
. (4.29)

Finally, performing the elementary integrations in Eq. (4.25) and neglecting constant energy
shifts, we find

Σ1
p = vp

α

4 σxk ln(Λ/k), (4.30)

which by generalization to the generic case k = (kx, ky) yields

Σ1
p(K) = vp

α

4 σ · k ln(Λ0/k), (4.31)

in agreement with the literature [4, 8, 41, 50]. Note that one could have anticipated the
logarithmic structure already from Eq. (4.13) by simple power counting. Taking the factor of
q from the two-dimensional integration measure d2q into account, the nominator is of order q2

and the denominator goes as q3 for q →∞, which integrates to a logarithm.
By comparing Eq. (4.31) to the general anticipated self-energy in Eq. (4.6), we note that

V (k) = vF
α

4 ln (Λ0/k), (4.32)

and Z = 1, implying well-defined quasi-particles. Hence, the renormalized velocity is given by
[4, 26, 41]

v(k) = vF

(
1 + α

4 ln (Λ0/k)
)
. (4.33)

Evidently, when taking Coulomb interactions between electrons perturbatively into account,
the Dirac cone picture, based on a constant Fermi velocity, must be strongly adjusted. In
fact, the quasi-particle velocity v(k) logarithmically diverges in the vicinity of the Dirac
point (Fig. 4.2), i.e. k → 0, leading to a highly non-linear low-energy dispersion (Eq. 4.11).
Remarkably, such a renormalization has been observed by Elias et al. in Shubnikov-de Haas
measurements (Fig. 1.2) [17].
Eventually, when in the ultimate proximity of the Dirac point the scales of motion of

quasi-particles and photons approach, i.e. v(k) ≈ c, our non-relativistic model becomes inap-
propriate and Eq. (4.33) is invalidated. However, it is clear due to the logarithmic nature of
the divergence that such an regime is, and will be, experimentally unaccessible.24

Before moving on, it is instructive to consider the next-to-leading order terms in the
perturbative series. The earliest calculations of those second order diagrams have been
performed by Mishchenko and Vafek et al. in Refs. [50, 76]. However, only recently Barnes
et al. pointed out mistakes in these derivations, resulting in slightly different prefactors [4].
24In numbers: If one would manage to realize charge carrier densities that are ten orders of magnitude below

those achieved by Elias et al. in Ref. [17] (Fig. 1.2), the speed of light would still exceed the quasi-particle
velocity by roughly a factor of 35.
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Figure 4.2: Renormalized velocity v(k) including interactions within first-order (blue) and
second-order (green) perturbation theory, as well as in random phase approximation
(orange). The non-interacting case is given for comparison (dashed red). For
convenience momenta and velocities are measured in units of Λ and vF , respectively.

Hence, we will use the results obtained in Ref. [4]. There, the authors find the renormalized
velocity up to second order in α,

v(k) = vF

{
1 +

[
α

4 +
(

1
2 ln 2− 2

3

)
α2
]

ln(Λ0/k)
}
. (4.34)

Since the second order prefactor is negative, the α2 contribution causes a decrease of the quasi-
particle velocity when approaching the Dirac point. This strongly contrasts the logarithmic
increase found to first order in α (Eq. 4.33), resulting in a competition between velocity
enhancing and depressing processes. Therefore, at a critical effective strength of the interactions,
i.e. αc ≈ 0.78, these mechanisms compensate, suggesting that depending on whether α is
below or above this critical coupling, a graphene sample exhibits qualitatively different energy
dispersions. In case of freestanding graphene with α = 2.2, one should therefore, according
to this second-order perturbation theory description, observe a logarithmic decrease of the
quasi-particle velocity (Fig. 4.2). In fact, one might even argue that the effective interaction
strength becomes, through v(k), momentum dependent,

α(k) = e2

v(k) , (4.35)

and diverges for k → 0, leading to the spontaneous breaking of the chiral symmtry, i.e. the
emergence of a gap in the energy spectrum, as predicted by strong-coupling theories [15, 16,
58, 75].25

At this point, it must be emphasized that neither a decrease of the Fermi velocity in the
vicinity of the Dirac points nor the appearance of a gap has been observed in experiments up to
25Such an argument has been applied to justify first-order perturbation theory in hindsight: v(k)→∞ and

thus α→ 0 [41]. But this is rather a self-consistency check and no fundamental justification [4].
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4.3 RANDOM PHASE APPROXIMATION

the time of this writing [4, 17, 41]. Hence, the predictions by perturbation theory - if one trusts
them despite the fact that α is of the order of unity - diverge from the empirical experience
already at second order in α. This might be compared to quantum electrodynamics, where
αQED = 1/137 indicates that the asymptotic expansion in αQED is convergent up to order
137, which, in fact, has largely been experimentally verified up to an astonishing precision. Of
course, this is not surprising but simply underlining the fact that a perturbative expansion in
the effective interaction strength requires the latter to be small compared to unity.

Furthermore, let us mention that higher-power logarithms appear in the perturbative series
beyond second order [4].26 In fact, already the term proportional to α3 contains an additional
contribution of the form ln2(Λ0/k). Generally, one has

v(k) = vF
{

1 + f1(α) ln(Λ0/k) + f2(α) ln2(Λ0/k) + . . .
}
, (4.36)

where the fi(α) have a power-series expansion in α [4]. Hence, not only the prefactors but
even the type of the divergence alters at different terms in the perturbative expansion.

All together, we conclude that, expectedly, perturbation theory is no appropriate, satisfying
theory for the description of Coulomb interactions in graphene.

4.3 Random phase approximation
Another common approach is to study many-body electron-electron interactions within the
random phase approximation (RPA). As for monolayer graphene, this has been performed
among others in Refs. [11, 24, 30, 71]. In particular, the present work can be viewed as a
necessary extension of the recent considerations by Hofmann et al. in Ref. [30], which is entitled
“Why does graphene behave as a weakly interacting system?”.

4.3.1 Polarization
Let us begin by calculating the key ingredient of the random phase approximation, that is the
polarization function,

Π0(Q) = −
∫
K

Tr (G0(K)G0(K −Q)) , (4.37)

in which G0(K) is the non-interacting Green’s function as in Eq. (3.52), and, correspondingly,
the trace is over sublattice and valley indices. A diagrammatic depiction of Eq. (4.37), referred
to as polarization bubble, is shown in Fig. 4.1b.27 Using the elementary properties of Pauli
matrices,

Tr (σi) = 0, (σ · a)(σ · b) = a · b + i(a × b) · σ, (4.38)

the trace in Eq. (4.37) can readily be evaluated to give

Π0(Q) = Nf

∫
K

ω(ω − ω)− v2
Fk · (k− q)

[ω2 + v2
F k

2] [(ω − ω)2 + v2
F (k− q)2] . (4.39)

Here, the prefactor Nf = 4 represents the sublattice and valley degrees of freedom (Nf = 8
includes the usual electron spin). The appearing integrals can be performed in many ways. As
it shall turn out, the combination of the contour integration method for frequency integrals
and the utilization of elliptic coordinates for momentum parts is an effective way to evaluate
all integrals appearing in this work.28 However, like for the self-energy above, there exist
26This is a consequence of the theory to be renormalizable in the QFT sense [4, 26, 77].
27As it is custom, we show the interaction lines in Fig. 4.1b despite that they do not appear in Eq. (4.37).
28Note, in this context, that the frequency integral in the self-energy in Eq. (4.16) could also have been

performed by contour integration.
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CHAPTER 4 INTERACTIONS AND WEAK-COUPLING THEORY

Figure 4.3: Pole structure of the integral kernel of the frequency integral appearing in the
derivation of the polarization function (Eq. 4.39). Shown are the simple poles ωi
(crosses) and the chosen semi-circle contour (solid red) closed at (complex) infinity
in the complex ω-plane.

alternative schemes to calculate the polarization, as we shall demonstrate in Appx. B.
Promoting the frequency integration variable to a complex number, i.e. ω ∈ R→ ω ∈ C, the
integrand in Eq. (4.39) exhibits four poles ω1/2 = ±ivF k, ω3/4 = ω ± ivF |k− q|. As is shown
in Fig. 4.3, a semi-circle contour C that is closed at infinity in the upper half-plane, where the
integrand vanishes, only encircles the two poles ω1 and ω3 with respective residues,

Res(ω1) = −v2
F k

2 − iωvF k − v2
Fk · (k− q)

[2ivF k] [(ivF k − ω)2 + v2
F |k− q|2] , (4.40)

Res(ω3) = −v
2
F |k− q|2 + iωvF |k− q| − v2

Fk · (k− q)
[2ivF |k− q|] [(ivF |k− q|+ ω)2 + v2

F k
2] . (4.41)

Applying the theorem of residues, the polarization is given by a simple sum,

Π0(Q) = iNf (Res(ω1) + Res(ω3)), (4.42)

which, after some algebraic manipulation, evaluates to

Π0(Q) = Nf
2

∫
d2k

(2π)2
vF (|k|+ |k− q|)

[vF (|k|+ |k− q|)]2 + ω2 [1− n(k,q)] . (4.43)

Here, we defined the normal vector

n(k,q) = k · (k− q)
|k||k− q| . (4.44)

Shifting the integration variable according to k→ k + q
2 ,

Π0(Q) = Nf
2

∫
d2k

(2π)2
vF (|k− q

2 |+ |k + q
2 |)

[vF (|k− q
2 |+ |k + q

2 |)]2 + ω2

[
1− n(k− q

2 ,q)
]
, (4.45)

allows us to employ elliptic coordinates similar to the case of the first-order self-energy. Thus,
we perform the transformations29

kx = q

2 cosh u cosϕ,

ky = q

2 sinh u sinϕ,
(4.46)

29Note the slightly different definition of the elliptic coordinates as in the case of the self-energy.
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with 0 ≤ u ≤ ∞, 0 ≤ ϕ ≤ 2π, and Jacobi determinant

det J = q2

4 (cosh2 u− cos2 ϕ). (4.47)

Assuming q = (q, 0)T for a moment, these identities lead to the simple relations∣∣∣k + q
2

∣∣∣ = q

2(cosh u+ cosϕ),∣∣∣k− q
2

∣∣∣ = q

2(cosh u− cosϕ),∣∣∣k + q
2

∣∣∣ ∣∣∣k− q
2

∣∣∣ = q2

4 (cosh2 u− cos2 ϕ),∣∣∣k + q
2

∣∣∣+
∣∣∣k− q

2

∣∣∣ = q cosh u,

(4.48)

and consequently to

1− n(k− q
2 ,q) = 2 sin2 ϕ

cosh2 u− cos2 ϕ
. (4.49)

By comparing Eqs. (4.47) and (4.49), we recognize that the appearing denominator mostly
cancels with the Jacobi determinant, as in the self-energy calculation above. In this way, the
two-dimensional momentum integration factorizes trivially,

Π0(Q) = Nf
16π2 q

2
∫ 2π

0
sin2 ϕdϕ︸ ︷︷ ︸
=π

∫ ∞
0

du
vF q cosh u

v2
F q

2 cosh2 u+ ω2 . (4.50)

Noting that the remaining integral can be solved with substitution y = sinh u, we find the
polarization to be given by the following expression,

Π0(Q) = Nf
32

q2√
v2
pq

2 + ω2
. (4.51)

Performing a Wick rotation to real frequencies (see Eq. 3.36), i.e. iω → ω + 0+, and setting
Nf = 8 (including the usual electron spin), we obtain

Π0(ω,q) = 1
4

q2√
v2
F q

2 − ω2
, (4.52)

in agreement with Refs. [4, 8, 41, 69, 86].
Clearly, the polarization function is purely real for ω < vF q and purely imaginary otherwise.

Thus, the creation of particle-hole pairs, involving incoherent excitations of electrons from the
lower to the upper band, as indicated by the diagram in Fig. 4.1b is only possible for ω > vF q

[27, 41]. Since the Fermi surface consists of just two points, there is no phase space available
for intraband excitations at zero temperature due to the Pauli principle. Coherent plasmon
excitations are hence not present in undoped graphene.

4.3.2 Dielectric function
Building upon the plain polarization, we can now establish the random phase approximation.
Summing up concatenated particle-hole bubble diagrams up to infinite order as shown in
Fig. 4.4, we can define the RPA effective interaction [38],30

V RPA(Q) ≡ V (Q)− V (Q)Π0(Q)V RPA(Q) (4.53a)
= V (Q)− V (Q)Π0(Q)V (Q) + V (Q)(Π0(Q)V (Q))2 + . . . (4.53b)

= V (Q)
1 + V (Q)Π0(Q) . (4.53c)
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Figure 4.4: Diagrammatic depiction of the recursive definition of the effective interaction
within the random phase approximation. The bold wavy lines correspond to V RPA

whereas the thin wavy lines represent the bare interaction.

Thereby, we identified the geometric series,
∞∑
k=0

(cx)k = 1
1− cx , for |x| < 1, (4.54)

with the identifications c = V (Q) and x = −Π0(Q)V (Q). Of course, this is strictly valid only
if |x| < 1, which translates into a weak-coupling condition

|V (Q)Π0(Q)| ∼ α < 1 (4.55)

in the static limit, i.e. ω → 0. In this sense, the RPA is a weak-coupling theory despite
its non-perturbative nature of retaining infinitely many diagrams of all orders (Eq. 4.53c).
Nonetheless, one might argue that the RPA bubble diagrams dominate for large ground state
degeneracy Nd, and the RPA, in fact, becomes exact in the limit Nd →∞ [4, 30]. From this
point of view, the random phase approximation corresponds to a leading-order 1/N -expansion
[4].
The usual interpretation of the RPA is that the bare Coulomb interactions V (Q) get

dynamically screened. In this manner, one defines the dielectric function as the appearing
denominator in Eq. (4.53c),

εRPA(q, ω) = 1 + V (q)Π0(q, ω) (4.56a)

= 1 + Nfπ

16
α√

1− ( ω
vF q

)2
, (4.56b)

which indicates this suppression effect. Notice that this contrasts the non-interacting picture,
in which we found ε = 1 (Eq. 2.47). For later reference, we note that εRPA(q, ω) is constant in
the static limit,

εRPA(q, ω → 0) = 1 + Nfπ

16 α. (4.57)

4.3.3 Velocity renormalization
In terms of the self-energy, the RPA corresponds to an expansion in the dynamically screened
interaction V RPA rather than in the bare interaction V (Q) as in usual perturbation theory.
Hence, to first order in the RPA interaction, the self-energy reads

ΣRPA
p (K) = −

∫
Q

V RPA(Q)G0,p(K +Q). (4.58)

As visualized in Fig. 4.5, this corresponds to an infinite series of diagrams, because of the
recursive definition of the RPA interaction (Fig. 4.4). Hence, one treats the polarization
30The alternating sign is due to the increasing number of fermion loops, each contributing a minus sign.
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Figure 4.5: Diagrammatic visualization of the self-energy within leading-order RPA. By replac-
ing the bare interaction by the RPA effective interaction in the first-order diagram
of the self energy (Fig. 4.1a), one obtains an infinite series of bubble diagrams.

bubble corrections to the bare first-order self-energy exactly while neglecting all other diagrams.
Thereby, it is clear from power counting (see below Eq. 4.33) that the RPA self-energy in
Eq. (4.58) will exhibit the same logarithmic divergence that appeared in the perturbative
calculation of the self-energy (Eq. 4.25). Hence, one must similarly regularize the integral by
introducing an ultraviolet cutoff. Performing the integrations, we will use the results obtained
by Son in Ref. [71] at this point, one finds

ΣRPA
p (K) = 8

Nfπ2 {−F0(λ)iω + F1(λ)vpσ · k} ln(Λ0/k), (4.59)

with λ = π
8Nfα and

F0(λ) ≡


(
λ2 − 2

)
λ
√
λ2 − 1

log
(√
λ2 − 1 + λ

)
+ π

λ
− 2, λ > 1,

−
(
2− λ2)

λ
√

1− λ2
arccos(λ) + π

λ
− 2, λ < 1,

(4.60)

F1(λ) ≡


√
λ2 − 1
λ

log
(√
λ2 − 1 + λ

)
+ π

2λ − 1, λ > 1,

−
√

1− λ2

λ
arccos(λ) + π

2λ − 1, λ < 1.

(4.61)

Most noticeably, the RPA self-energy displays the logarithmic divergence for vanishing k
not only in the momentum but also in the frequency dependence. This indicates a non-trivial
renormalization of the quasi-particle residue. Thereby, Polini et al. showed in an numerical
study of Eq. (4.59) that Z is finite, i.e. Z ≈ 0.5, near the Dirac points, so that quasi-particles
are well-defined [41, 57]. Extracting the renormalized velocity according to our general
self-energy discussion in Sec. 4.1, one obtains [30, 71]

v(k) = vF

{
1 +

[
16

Nfπ2 (F1(λ)− F0(λ))
]

ln(Λ0/k)
}
, (4.62)

which is visualized in Fig. 4.2. Hence, dressing the bare interaction with polarization bubbles
leads to modified prefactors in the quasi-particle velocity.31

The most important difference between RPA and perturbation theory in the spirit of
this work is that the RPA converges well when going to higher orders. By that, we mean
31Let us remark that in our formulation Nf = 8 includes the valley, pseudospin, and spin degrees of freedom,

whereas Son in Ref. [71] denotes N = 2 for this case. Consistently, one has a total prefactor 2/π2 in Eq.
(4.62) independent of notation.
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considering further diagrams in the self-energy expansion with the bare interaction replaced by
the dynamically screened interaction, V RPA. In Ref. [30], Hofmann et al. in particular analyze
the next-to-leading order RPA velocity renormalization and find that a plot of the latter is
practically indistinguishable from the leading-order RPA curve in Fig. 4.2. This indicates that
the RPA description of graphene many-body interaction effects is superior to a conventional
perturbation theory. However, the RPA is still a weak-coupling theory and as such lacks a
rigorous justification in graphene [4].
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5 Functional renormalization group
In the following, we will introduce the functional renormalization group (FRG) approach to
interacting many-particle systems. First, we shall motivate the central idea of the renormaliza-
tion group before developing the formalism of the FRG. Of course, there are far more detailed
introductions available [18, 40, 48, 88], in particular we shall closely follow the book by Kopietz
et al. (Ref. [40]), and it is not the purpose of this work to compete with the existing literature.
Instead, the idea is to present the essentials of the FRG in a condensed manner to, on the
one hand, avoid a logical gap in this thesis but also, and maybe more importantly, to give the
interested reader a concise overview and thus a complementary starting point for learning this
method on the basis of a specific example.

5.1 Renormalization group idea
The underlying idea of any renormalization group (RG) method is to investigate the change of
a physical system as viewed at different length scales. Knowing the fundamental laws, one can
easily describe the physics of the system on a microscopic level of individual interacting particles,
e.g. in the Lagrangian formalism in form of an microscopic action. Although, in principle
all measurable observables are then fixed by this many-particle description, it is the difficult
task of condensed matter theory to predict collective properties such as superconductivity,
ferroelectricity, and magnetic ordering at a macroscopic level. Within the RG one approaches
this issue in the most natural way by actually performing scale transformations that alter the
perspective length scale. Most intuitively, this is apparent in Kadanoff’s block-spin RG on the
Ising model, where one groups spins in blocks and considers the model at the new effective
length scale set by the block-spins [33]. Repeating this procedure and studying the evolution
of the system, that is the flow of the characterizing coupling constants (Fig. 5.1), one can
extract the possible phases of the spin system by a fixed point analysis [34, 40]. However,
despite this famous pedagogical example some RG variants are rather technical and might not
have such an intuitive interpretation.
In the field of condensed matter physics, the RG has been pioneered by Wilson [83, 84].

The basic idea of this Wilsonian RG is to iteratively integrate out the degrees of freedom
represented by the fields in the partition function in Eq. (3.85) in small steps. Thereby, one
eliminates high-momentum modes involving small length scales to obtain an effective theory
at larger wave-lengths. Typically, the theory describing the physical system has an intrinsic
ultraviolet cutoff Λ0, e.g. of the order of the inverse lattice spacing (cf. discussion below
Eq. 2.33). Specifying an arbitrary smaller momentum scale Λ, such an initial elimination step
of the Wilsonian RG affects modes in the momentum shell Λ < k < Λ0. Of course, in general
this partial integration can not be performed exactly and one has to rely on approximations.
Furthermore, the action SΛ, describing the physical system at the new momentum scale, might
differ considerably from the inital model SΛ0 . In fact, in the worst case an infinite number of
new couplings, corresponding to monomials with high powers of fields, emerge.

The functional renormalization group (FRG) is an efficient tool to keep track of the flow of
all elements of a theory. In particular, one can derive exact flow equations for the generating
functionals of Green’s functions and irredubicle vertices describing their change under a
variation of Λ [40, 81]. By visualizing those equations diagrammatically, the relations between
different vertices (couplings) become transparent and sensible approximation schemes can be
applied. Since one is thereby not relying on the smallness of some parameter (e.g. α), the
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Figure 5.1: Schematic visualization of the FRG flow. A point in coupling space defines the
action SΛ of the physical system. For simplicity, only the subspace corresponding
to the coupling functions g1(k) and g2(k) is shown. Starting from the initial theory
SΛ=Λ0 , the FRG flow equations describe the evolution of the system (lines) under
scale transformations. In principle, these equations are exact (black) and eventually
lead to the desired macroscopic action SΛ=0. By truncating those equations (red),
the flow is (hopefully slightly) modified. Additionally, the effective action SΛ at an
intermediate scale depends on the cutoff scheme, i.e. the regulator (dashed lines).
Note that this effective action is frequently labeled ΓΛ [48].

FRG generates non-perturbative results, even for primitive truncations. We shall therefore
derive these exact FRG equations after fixing some notation and precisely introducing the
generating functionals.

5.2 Superfield notation and generating functionals
Although the theory of this chapter is of general nature, let us start with the graphene
low-energy model (Eq. 3.87). By contruction, it contains a bosonic field ϕ and fermionic fields
ψ and ψ† which may conveniently be combined into a vectorial superfield

Φ ≡ (ψ,ψ†, ϕ). (5.1)

In this way, we can summarize the non-interacting parts of our model as

S0[Φ] = S0
[
ψ†, ψ

]
+ S′0 [ϕ] (5.2a)

= −1
2

∫
α

∫
α′

Φα [G0]−1
αα′ Φα′ . (5.2b)

By using the general notation

(x,Ay) ≡
∫
α

∫
α′
xα [A]α,α′ yα′ , (5.3)

this can equivalently be written as

S0[Φ] ≡ −1
2

(
Φ, [G0]−1 Φ

)
. (5.4)

Similar as in Eq. (3.23), the collective superlabel α combines all degrees of freedom, like the
momentum, the frequency, and (for the fermionic fields) the valley degree. Additionally, it
contains an index s ∈ {ψ,ψ†, ϕ} differentiating the different field types. The integral sign
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in Eq. (5.2b) must therefore be understood as representing integrations over continuous and
summations over discrete components.
Furthermore, the above identities define the supermatrix Green’s function G0, which in

field-type space, corresponding to the index s, takes the block structure form

G0 =

 0 G0 0
ζGT0 0 0

0 0 −F0

 . (5.5)

Here, G0 is the non-interacting propagator as given in Eq. (3.53), [F0]Q,Q′ = δ(Q+Q′)F0(Q),
with F0(Q) as in Eq. (3.88), and the factor ζ = −1 is due to the anti-commutation property
of the fermionic Grassmann fields. To keep track of such signs because of the statistics of
fermions and bosons, it will prove convenient to introduce the statistics matrix Z,

Z =

−1 0 0
0 −1 0
0 0 +1

 , (5.6)

which leads to the property

GT
0 = ZG0 = G0Z. (5.7)

Of course, in the absence of spontaneous symmetry breaking, the interacting supermatrix
Green’s function, G, has the same block structure as its non-interacting counterpart and
Eqs. (5.5) and (5.7) thus also generalize to the interacting case.
Let us now introduce generating functionals that, by taking appropriate field-derivatives,

allow us to conveniently obtain arbitrary Green’s functions and irreducible vertices. As for the
former, we can define

G[J ] =
∫
D[Φ]e−S[Φ]+(J,Φ)∫
D[Φ]e−S[Φ]

= 1
Z

∫
D[Φ]e−S[Φ]+(J,Φ),

(5.8)

where the supersource term

(J,Φ) =
∫
α

JαΦα (5.9a)

=
∑
p

∫
K

j†KpψKp +
∑
p

∫
K

ψ†KpjKp +
∫
Q

J∗QϕQ (5.9b)

contains sources j†, j and J∗ of the same type as the corresponding fields. By construction,
Green’s functions with n external legs then correspond to the coefficients of the functional
Taylor expansion of G[J ] (cf. Eq. 3.47),

G(n)
α1...αn = δnG[J ]

δJαn . . . δJα1

∣∣∣∣
J=0

(5.10a)

= 1
Z

∫
D[Φ]e−S[Φ]Φαn . . .Φα1 (5.10b)

= 〈Φαn . . .Φα1〉func (5.10c)

However, it is advantageous to work with connected Green functions.32 Analogously, they are
defined as the Taylor coefficients of the generating functional

Gc[J ] = ln
(
Z
Z0
G[J ]

)
, (5.11)

G(n)
c,α1...αn = δnGc[J ]

δJαn . . . δJα1

∣∣∣∣
J=0

, (5.12)

32In contrast to the connected Green’s functions, a pertubative expansion according to the Wick theorem of e.g.
G

(4)
α1α2α3α4 contains disconnected terms G(2)

α1α2G
(2)
α3α4 which are purely governed by two-point correlations.
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Figure 5.2: Diagrammatic building blocks of the flow equations. We represent the matrix
elements [G]α1α2 of the interacting Green’s function as oriented circles containing
a ’G’ (a) and the symmetric irreducible vertices Γ(n)

α1...αn as oriented filled circles
(b). Depending on n, we will choose different colors for the latter. The arrows
specify the first and following indices through their position and pointing direction.
Based on Ref. [40].

where the label c indicates the connectedness property. In particular, we can identify the
matrix elements of the interacting supermatrix Green’s function with the connected two-point
Green’s functions,

[G]αα′ = − δ(2)Gc
δJαδJα′

∣∣∣∣
J=0

= −G(2)
c,α′,α, (5.13)

which we depict diagrammatically as shown in Fig. 5.2a.
The key players of the FRG are the one-line irreducible vertices Γ(n)

α1,...,αn . Similar to the
Green’s functions, we define them as the coefficients of a Taylor expansion of a generating
functional Γ[Φ],

Γ[Φ] =
∞∑
n=0

1
n!

∫
α1

. . .

∫
αn

Γ(n)
α1,...,αnΦα1 · · · · · Φαn , (5.14)

Γ(n)
α1,...,αn = δnΓ[Φ]

δΦαn . . .Φα1

∣∣∣∣
Φ=0

, (5.15)

in which Φ is a superfield variable. Let us try to motivate the form of Γ[Φ] by looking at the
generating functional Gc[J ] and performing a functional Legendre transformation,

L[Φ] = (J,Φ)− Gc[J [Φ]]. (5.16)

As usual, one thereby replaces the argument of the original functional Gc[J ] in favor of J [Φ]
by inverting the relation

Φα = δGc[J ]
δJα

. (5.17)

Taking the derivative of L with respect to Φ yields

J = Z δL
δΦ

, (5.18)

which allows us to write the chain rule as

δ

δΦ
= δJ

δΦ
δ

δJ
= δ(2)L
δΦδΦ

Z δ

δJ
. (5.19)

Applying the field derivative in this form to Eq. (5.17), we obtain the relation

1 = δΦ
δΦ

= δ(2)L
δΦδΦ

Zδ
(2)Gc
δJδJ

, (5.20)
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which in the limit Φ = 0 yields

δ(2)L
δΦδΦ

∣∣∣∣
Φ=0

= −ZG−1 = −
[
G−1]T . (5.21)

Since the irreducible two-point vertex should correspond to the self-energy, we see from this
identity that L[Φ] alone is not yet the desired generating functional Γ[Φ]. However, comparing
Eq. (5.21) with the supermatrix version of the Dyson equation (cf. Eq. 4.1),

G−1 = G−1
0 −Σ, (5.22)

we note that it is just missing a free propagator term. This suggests that we have to subtract
the free action S0 from L[Φ], since in this case

δ(2)L
δΦδΦ

∣∣∣∣
Φ=0
− δ(2)S0

δΦδΦ

∣∣∣∣
Φ=0

= −
[
G−1]T +

[
G−1

0
]T = ΣT . (5.23)

Thus, the generating functional of irreducible vertices is given by

Γ[Φ] = L[Φ]− S0[Φ] = L[Φ] + 1
2

(
Φ, [G0]−1 Φ

)
. (5.24)

Of course, this is not a rigorous proof and it needs to be verified that this functional does
indeed generate one-line irreducible vertices for an arbitrary number of external legs. In fact,
this can be understood from a tree expansion based on Eq. (5.20), in which the connected
Green’s functions G(n)

c,α1...αn expressed in terms of the irreducible vertices Γ(m)
α1,...,αm with m ≤ n.

At this point, we shall simply assume the correctness of Γ[Φ] and refer the interested reader
to the literature [40].

Note, that in the spirit of our superfield notation the irreducible vertices defined through Eqs.
(5.14) and (5.15) treat both types of fields (bosonic and fermionic) on the same level. Their
external legs may either correspond to boson or fermion fields depending on the superlabel αi.
Still, it is necessary to specify an order, as in the case of multiple fermionic legs the interchange
of two of them gives a minus sign. We shall therefore depict those field-type symmetric vertices
as oriented circles as shown in Fig. 5.2b. Of course, the usual physical vertices do not possess
this symmetry and we will provide appropriate translation rules in Chapter 6 (Fig. 6.1).

5.3 General flow equations
5.3.1 Cutoff
To realize the RG idea, we will introduce a momentum cutoff Λ to the theory, which specifies
the current momentum scale within the RG procedure. It defines what we consider as high-
momentum (k > Λ) and low-momentum (k < Λ) fluctuations. More explicitly, it acts as an
infrared cutoff in momentum integrations, e.g. in the first-order self-energy diagram in case of
a perturbative RG, and as such discriminates the fluctuations that we integrate out (k > Λ)
from those that remain in original form (k < Λ). Therefore, we obtain exact results in the limit
Λ → 0.33 On the other hand, for Λ → ∞, where the cutoff scale is larger than all intrinsic
scales of the system, the propagation of fluctuations is suppressed at all wavelengths, leading
to a vanishing Green’s function. Although there is considerable freedom in the implementation
of the cutoff procedure, one should assure these limiting cases. Let us introduce the cutoff Λ
to the non-interacting supermatrix propagator according to

G0 → G0,Λ = ΘΛG0, , (5.25)

33In practice, of course, one must rely on approximations to integrate out high-energy modes.
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in which Θ is a supermatrix (regulator) representing the cutoff procedure. Thereby, we require
the boundary conditions

ΘΛ ∼

{
1, for Λ→ 0,
0, for Λ→∞

. (5.26)

In this way, our mixed Bose-Fermi theory becomes cutoff-dependent, and the non-interacting
part reads

S0,Λ[Φ] = −1
2

(
Φ, [G0,Λ]−1 Φ

)
. (5.27)

Since both this action and the Green’s function G0 enter into the generating functionals, it is
clear that the latter will also become cutoff-dependent under the modification (5.25).

Let us emphasize that from a technical point of view, the supermatrix Θ can be arbitrarily
chosen as long as condition (5.26) is satisfied. However, the RG interpretation of the cutoff
Λ as the scale of view on the physical system strongly depends on the nature of the cutoff
procedure. Most naturally, and also to not complicate the final flow equations, one might use
a Heaviside function to strictly separate the high and low momentum regime. Thereby, it is
often convenient to only regularize the fermionic (or the bosonic) sector of the theory. In this
case, and this work implements such an approach, only the scale of the electron system is
successively altered under the RG.

5.3.2 Exact flow equations for the generating functionals
As described in Sec. 5.1, the flow of a quantity A is its alteration under a change in scale,
that is Λ→ Λ′ with Λ′ < Λ. Hence, if we perform the iterative RG procedure in infinitesimal
steps, it coincides with a cutoff derivative of A, i.e. ∂ΛA. In this sense, by explicitly taking the
derivative of both sides of the defining equation of e.g. the generating functional of Green’s
functions G[J ] (Eq. 5.8), one obtains the flow equation

∂ΛGΛ =
{

1
2

(
δ

δJ
, ∂Λ

[
G−1

0,Λ

] δ

δJ

)
− ∂ΛZ0,Λ

}
GΛ. (5.28)

Analogously, we can consider Gc and take the cutoff derivative of Eq. (5.11), leading to

∂ΛGc,Λ =1
2

(
δGc,Λ
δJ

, ∂Λ

[
G−1

0,Λ

] δGc,Λ
δJ

)
+ 1

2 Tr
(
∂Λ

[
G−1

0,Λ

] [δ(2)Gc,Λ
δJδJ

]T)
− ∂Λ lnZ0,Λ,

(5.29)

in which the trace is over all components of the superlabel α. For the generating functional Γ[Φ],
we have to keep in mind that due to the Legendre transformation, the fields Φ are held constant,
rather than the sources J . Hence, according to Eq. (5.17), where Gc is cutoff-dependent, we
have the relation

∂ΛLΛΦ] = − ∂ΛGc,Λ[J ]|J=JΛ[Φ] , (5.30)

which taken together with Eq. (5.29) yields

∂ΛΓΛ = −1
2 Tr

(
∂Λ

[
G−1

0,Λ

] [δ(2)Gc,Λ
δJδJ

]T)
+ ∂ΛZ0,Λ. (5.31)

To obtain a more convenient, closed equation for ΓΛ, we should try to express the matrix δ(2)Gc,Λ
δJδJ

in terms of derivatives of ΓΛ. Even without presenting the complete calculation, it is clear
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from Eq. (5.20) written in the form

δ(2)Gc,Λ[J ]
δJδJ

= Z
(
δ(2) {ΓΛΦ] + S0,Λ[Φ]

}
δΦδΦ

)−1

(5.32)

that this is possible. Eventually, one finds the flow equation34

∂ΛΓΛ = −1
2 Tr

(
ĠΛUT

Λ[Φ]
{

1−GT
ΛUT

Λ[Φ]
}−1)

, (5.33)

where we have introduced the single-scale propagator35

ĠΛ ≡ −GΛ

[
∂ΛG−1

0,Λ

]
GΛ, (5.34)

and the derivatives of ΓΛ are hidden in the functional

UΛ[Φ] ≡
[
δ(2)ΓΛ

δΦδΦ
− δ(2)ΓΛ

δΦδΦ

∣∣∣∣
Φ=0

]T
=
[
δ(2)ΓΛ

δΦδΦ

]T
−ΣΛ. (5.35)

Note, that by definition ĠΛ has the same block structure form as the propagator in Eq. (5.5).
Therefore Eq. (5.34) implicitly defines fermionic and bosonic single-scale propagators ĠΛ,p
and ḞΛ, respectively.
Equations (5.28), (5.29), and (5.33) form a set of formal, exact flow equations for the

generating functionals G, Gc, and Γ and describe their change under infinitesimal changes of
the perspective scale. After integration, which can at least be done formally by using the
fundamental theorem of calculus, they provide expressions for these functionals, which allow
the generation of Green’s functions and irreducible vertices at arbitrary scales. In particular,
taking the limit Λ → 0 of the resulting ΓΛ would in principle give the exact self-energy
of the original model, i.e. SΛ0 . Of course, in the inconvenient form of Eq. (5.33), this is a
purely theoretical consideration, as a direct implementation of this scheme is well out of sight.
Nevertheless, by transforming the flow equation for ΓΛ into an equivalent system of coupled
integro-differential equations of the irreducible vertices Γ(n)

α1...αn , the problem becomes more
transparent and susceptible to approximations.

5.3.3 Exact flow equations for the irreducible vertices

Starting from the flow equation for the generating functional Γ[Φ], the strategy is to expand
both sides of Eq. (5.33) in powers of the fields and compare the corresponding coefficients
afterwards. On the l.h.s., this gives the cutoff derivative of the Taylor expansion of Γ[Φ]
(Eq. 5.14), whereas on the r.h.s., we expand in the functional U[Φ], which contains all
field-dependence. Taken together, this yields

∞∑
n=0

1
n!

∫
α1...αn

(
∂ΛΓ(n)

Λ,α1...αn

)
Φα1 . . .Φαn = −1

2 Tr
(

ĠΛU̇T
Λ[Φ]

∞∑
ν=0

(
GT

ΛUT
Λ[Φ]

)ν)
. (5.36)

Proceeding, we expand U[Φ] in the fields,

UΛ[Φ] =
∞∑
n=1

1
n!

∫
α1

. . .

∫
αn

Γ(n+2)
Λ,α1...αn

Φα1 . . .Φαn , (5.37)

34We dropped field-independent parts causing a simple rescaling of the free energy F = E − TS [40].
35As we will explicitly see in Chapter 6 within a sharp momentum-cutoff scheme, the single-scale propagator is

non-zero at the single scale set by Λ, only. Qualitatively this is due to the fact that the derivative of the
Heaviside function in the cutoff-dependent propagator GΛ gives a Dirac delta function. Additionally, the
non-interacting limit Ġ0,Λ = ∂ΛG0,Λ motivates the notation.
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where we define [
Γ(n+2)

Λ,α1...αn

]
αα′

= Γ(n+2)
Λ,αα′α1...αn

. (5.38)

In principle, we should now compare coefficients of the monomials Φα1 . . .Φαn on both sides
to obtain (infinitely many) flow equations for the irreducible vertices. However, we must be
careful to identify terms with the same symmetry under permutations of the field labels. Most
conveniently, this can be done by symmetrizing the r.h.s. of Eq. (5.38) in advance of the
comparison. Therefore, we introduce the symmetrization operator

Sα1...αn1 ;...;αn−nν+1...αn{Fα1...αn} = 1
n1! . . . nν !

∑
P

sgn(P )FαP (1)...αP (n) , (5.39)

in which sgn(P ) denotes the sign that might appear due to permutating the fields Φαi according
to the permutation P . The effect of S is rather simple: it acts on expressions already symmetric
in the index groups seperated by semi-colons to generate an expression symmetric also with
respect to the exchange of indices between different groups. Utilizing this operator, the exact
flow equations of the irreducible vertices Γ(n)

Λ,α1...αn
with n ≤ 1 can be written down in closed

form,

∂ΛΓ(n)
Λ,α1...αn

= −1
2

∞∑
ν=1

∞∑
n1=1

· · ·
∞∑

nν=1
δn,n1+···+nν

× Sα1...αn1 ;αn1+1...αn1+n2 ;...;αn−nν+1...αn Tr
(
ZĠ0,ΛΓ(nν+2)

Λ,αn−nν+1...αn

×GΛΓ(nν−1+2)
Λ,αn−nν−nν−1+1...αn−nν

. . .GΛΓ(n1+2)
Λ,α1...αn1

)
.

(5.40)

Although this equation seems to be rather complicated, it is now straightforward to derive
compact flow equations for the particularly important vertices. In general, these are the two-
and three-point vertices representing the self-energy and the interaction vertex of lowest order,
i.e. number of external legs. In the case of the former, the r.h.s. of Eq. (5.40) simplifies to two
simple parts: first, ν = 1, where we have n1 = 2 due to the Kronecker delta; second, ν = 2
with n1 = n2 = 1. This yields the general flow equation

∂ΛΓ(2)
Λ,α1α2

= −1
2 Tr

(
ZĠΛΓ(4)

Λ,α1α2
+ Sα1;α2

{
ZĠΛΓ(3)

Λ,α2
GΛΓ(3)

Λ,α1

})
. (5.41)

In the first term, the symmetrization operator equals unity, because there is only one index
group (ν = 1). Diagrammatically, this flow equation is given in Fig. 5.3.
In the same manner, we can deduce the explicit flow of the irreducible three-point vertex

and find36

∂ΛΓ(3)
Λ,α1α2α3

=− 1
2Tr

[
ZĠΛΓ(5)

Λ,α1α2α3

+ Sα1;α2α3

{
ZĠΛΓ(4)

Λ,α2α3
GΛΓ(3)

Λ,α1

}
+ Sα1α2;α3

{
ZĠΛΓ(3)

Λ,α3
GΛΓ(4)

Λ,α1α2

}
+Sα1;α2α3

{
ZĠΛΓ(3)

Λ,α3
GΛΓ(3)

Λ,α2
GΛΓ(3)

Λ,α1

}]
,

(5.42)

which is visualized in Fig. 5.4.

These general flow equations describe the flow of irreducible vertices for the broad class of
theories whose non-interacting action can be cast into the form of Eq. (5.27). Obvious from
36Note that symmetrization operators in the second and third line of Eq. (5.42) are mistakenly exchanged in

Ref. [40].
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Figure 5.3: Diagrammatic representation of the general flow equation of the irreducible, totally
symmetric two-point vertex (Eq. 5.41). The primitve elements are as described
in Fig. 5.2, whereby we use red (n = 2), green (n = 3) and blue (n = 4) color
fillings for the different vertices. Plain oriented circles represent the interacting
propagator (G) and the single-scale propagator (Ġ) respectively. Thin connection
lines can be either bosonic or fermionic depending on the superlabels α. The black
dot on the l.h.s. indicates the cutoff derivative. Taken from Ref. [40].

the derivation, they are exact and allow for a non-perturbative treatment of interactions.37 As
for the flow equations of the generating functionals in the previous section, the corresponding
integral equations provide formal expressions for the vertices at arbitrary length scales. The
crucial question is whether one can practically exploit these expressions in some way. Evidently,
there are vertices of higher order appearing on the r.h.s. of the flow equation of a vertex,
each of which is also governed by a flow equation involving other vertices. Thus, we face a
hierarchy of coupled integro-differential flow equations. Of course, to exploit these relations,
one must necessarily truncate this hierarchy at some level. Nevertheless, as the diagrammatic
representations display the explicit dependencies on higher order vertices, the method allows
for clear approximation schemes where e.g. only interaction processes involving a certain
number of fields are retained. We will explicitly follow such an approach for our graphene
low-energy model in the subsequent chapter.

37As mentioned in fn. 34, we neglected field-independent terms that rescale the (free) energy in Eq. (5.33).
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Figure 5.4: Graphical representation of the general flow equation of the irreducible, totally
symmetric three-point vertex (Eq. 5.42), using a light-grey color filling for the
vertex with five external legs in addition to the diagrammatic elements used in
Fig. 5.3. Taken from Ref. [40].

54



6 Functional renormalization group
approach to graphene

In this chapter, we will make use of the general flow equations for the irreducible vertices
(Figs. 5.3 and 5.4) to study the effect of Coulomb interactions in undoped graphene. Therefore,
we will perform a transition from the superfield picture, which allowed us to derive the
fundamental FRG equations, back to the viewpoint of distinct bosonic and fermionic fields.
Correspondingly, we will work with physical irreducible vertices that are not symmetrized with
respect to the exchange of external legs of different field-types. Hereby, we proceed similar
to Schütz et al. in Ref. [65] in the context of the Tomonager-Luttinger model. As a result,
we obtain exact flow equations for the fermionic and bosonic self-energy as well as for the
irreducible three-point vertex. By truncating the hierarchy of coupled integro-differential flow
equations and fixing a specific cutoff scheme, that is a sharp cutoff in the fermionic sector of
the theory, we will be able to simplify these equations up to the point that allows us to extract
physical results (Ch. 7). The corresponding calculations, in particular in Sec. 6.3, have been
supported by private notes of Peter Kopietz [39].

6.1 Exact flow equations for the self-energy and
polarization

By collecting the three fields ϕ, ψ, and ψ† in a superfield notation (Eq. 5.1), we have been
able to write down general, exact flow equations for a theory in a compact way. In the spirit of
this notation, those equations have been expressed in terms of abstract vertices Γ(n) that are
symmetrized with respect to the exchange of external legs involving different field-types. This
contrasts the common procedure in which one uses physical vertices that distinguish between
different types of fields. Let us therefore expand the generating functional Γ[Φ], other than in
Eq. (5.14), in a way that indicates these non-symmetric vertices. Displaying momentum and
energy conservation explicitly, such an expansion reads

Γ[ψ,ψ, ϕ] =
∞∑
n=0

∞∑
m=0

1
(n!)2m!

∫
K′1p

′
1σ
′
1

. . .

∫
K′np

′
nσ
′
n

∫
K1p1σ1

. . .

∫
Knpnσn

∫
K1

. . .

∫
Km

× δK′1+···+K′n,K1+···+Kn+K1+···+Km

× ψ†K′1p′1σ′1 . . . ψ
†
K′np

′
nσ
′
n
ψK1p1σ1 . . . ψKnpnσnϕK1

. . . ϕKm

× Γ(2n,m)(K ′1p′1σ′1, . . . ,K ′np′nσ′n;K1p1σ1, . . . ,Knpnσn;K1, . . . ,Km),

(6.1)

where the Γ(2n,m) are the non-symmetric vertices with 2n fermionic and m bosonic external
legs, and the index σ ∈ {a, b} specifies the pseudospin (sublattice).38 By comparing Eqs. (6.1)
and (5.14), it is evident that up to the energy- and momentum-conserving delta function the
symmetric and non-symmetric vertices coincide for the same order of the indices. Hence, fixing
a particular realization of fermionic and bosonic legs for a totally symmetric vertex, we can
translate this vertex into a non-symmetric vertex as shown diagrammatically in Fig. 6.1. To
emphasize the three-fold nature of the theory, we represent the latter by triangles whereby
each side corresponds to one field-type. Recall that the bosonic field ϕ is real and should thus
38In this notation, we have e.g. ψK,+,a = a+(K), where a+(K) is an fermionic annihilation operator as in

Chapter 3.
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Figure 6.1: Diagrammatic rules for the translation of primitive elements (Fig. 5.2) of the
general flow diagrams into the same for a three-component theory. The triangular
depiction of the non-symmetric vertices indicates the three field-types, whereby
each side represents one of them. Crossed lines (straight or wavy) correspond to
single-scale propagators. Based on Ref. [65].

be depicted as an undirected wavy line. On the contrary, the fermionic fields ψ† and ψ are
best represented as lines with arrows pointing inward (ψ†) and outward (ψ).

Utilizing these translation rules, we can obtain flow equations for the non-symmetric
irreducible vertices from the general flow equations (Ch. 5) by carrying out the intermediate
sums over different field species and appropriately ordering all the legs on the vertices, keeping
track of signs due to interchange of two fermion legs. In this way, one obtains from the general
flow diagram for the symmetric two-point vertex (Fig. 5.3) the flow of the fermionic self-energy
by choosing the external legs to be fermionic,

∂ΛΣσσ
′

Λ,p(K) = ∂ΛΓ(2,0)
Λ,p (Kσ;Kσ′)

=
∑
σ1σ2

∫
K′
Ġσ1σ2

Λ,p (K ′)Γ(4,0)
Λ,p (Kσ,K ′σ2;K ′σ1,Kσ

′)

+ 1
2

∫
Q

ḞΛ(Q)Γ(2,2)
Λ,p (Kσ;Kσ′;Q;−Q)

+
∑
σ1σ2

∫
Q

[
ḞΛ(Q)Gσ1σ2

Λ (K −Q) + FΛ(Q)Ġσ1σ2
Λ (K −Q)

]
× Γ(2,1)

Λ,p (Kσ;K −Qσ1;Q)Γ(2,1)
Λ,p (K −Qσ2;Kσ′;−Q).

(6.2)

Here, ḞΛ and ĠΛ are the single-scale propagators implicitly defined via Eq. (5.34). A
visualization of this flow equation is given in Fig. 6.2. From the same flow diagram (Fig. 5.3),

56



6.2 CUTOFF SCHEME

Figure 6.2: Flow equation for the irreducible fermionic selfenergy (Eq. 6.2) of the graphene
three-component theory in diagrammatic representation. Depending on the total
number of external legs k, the vertices are colored in red (k = 2), green (k = 3),
and blue (k = 4). Based on Ref. [65].

we get the flow of the polarization by choosing the external legs to be bosonic (Fig. 6.3),

∂ΛΠ(Q) = ∂ΛΓ(0,2)(Q,−Q)

=
∑
p

∑
σσ′

∫
K

Gσσ
′

Λ,p(K)Γ(2,2)
Λ,p (Kσ′;Kσ;Q,−Q)

+ 1
2

∫
K

FΛ(K)Γ(0,4)
Λ,p (K,−K,Q,−Q)

−
∫
K

ḞΛ(K)FΛ(Q−K)Γ(0,3)
Λ,p (Q,K −Q,−K)Γ(0,3)

Λ,p (K,Q−K,−Q)

+
∑
p

∑
σ1σ2

∫
K

[
Ġσ1σ2

Λ,p (K)Gσ2σ1
Λ,p (K −Q) +Gσ1σ2

Λ,p (K)Ġσ2σ1
Λ,p (K −Q)

]
× Γ(2,1)

Λ,p (Kσ2;K −Qσ2;Q)Γ(2,1)
Λ,p (K −Qσ1,Kσ1,−Q).

(6.3)

In the same manner, we could exploit Eq. (5.42) to obtain an exact flow equation for the
physical three-point vertex Γ(2,1). However, the appearing expression and the diagrammatic
representation of the same are rather cumbersome and are thus attached in Appendix D.

6.2 Cutoff scheme

Following the general FRG strategy, we have to specify a cutoff scheme as described in Sec.
5.3.1. In this work, we want to implement a sharp cutoff in the fermionic sector of the
theory. Hence, we choose the elements of the supermatrix ΘΛ such that only the fermionic
non-interacting propagator becomes cutoff-dependent,

G0,Λ,p(K) = Θ(|k| − Λ)G0,p(K) (6.4)

= −Θ(|k| − Λ) iω + vpσ · k
ω2 + v2

pk2 , (6.5)

and F0(Q) remains unaltered. Separating the supermatrix Dyson equation (Eq. 5.22) with
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Figure 6.3: Diagrammatic visualization of the flow equation for the polarization, i.e. the
bosonic self-energy, of the graphene three-component theory, according to Eq. (6.3).
Coloring as in Fig. 6.2. Based on Ref. [65].

respect to the fermion and boson sector, the inverse interacting Green’s functions read

[GΛ,p(K)]−1 = [G0,Λ,p(K)]−1 − ΣΛ,p(K)

= iω − vpσ · k
Θ(|k| − Λ) − ΣΛ,p(K),

(6.6)

[FΛ(Q)]−1 = [F0(Q)]−1 + ΠΛ(Q)

= |q|
2πe2 + ΠΛ(Q).

(6.7)

Obviously, Eq. (6.6) becomes identical to the usual Dyson equation (Eq. 4.1) in the limit of
a vanishing infrared cutoff, i.e. Λ → 0, and we recover the exact propagator. On the other
hand, for Λ→∞, the propagator vanishes due to the Heaviside function and all propagation
is suppressed. Therefore, our cutoff scheme fulfills the required boundary conditions discussed
around Eq. (5.26).
Before we start to simplify the exact flow equations (Figs. 6.2, 6.3) in the subsequent

sections, we should note that some terms in these equations vanish due to our cutoff scheme.
This is clear from the definitions of the bosonic and fermionic single-scale propagators (Eq.
5.34), involving derivatives of the corresponding non-interacting Green’s function with respect
to the cutoff. Since F0(Q) = V (Q) is cutoff-independent, the single-scale propagator ḞΛ is
equal to zero. Thus, all diagrams with slashed wavy boson propagator lines can be dropped.
It must be emphasized that this is no approximation cutoff implementation. The combination
of the latter with the corresponding flow equations defines an exact FRG scheme. Let us
conclude this section by calculating the non-vanishing fermionic single-scale propagator,

ĠΛ,p(K) = −GΛ,p(K)
[
∂Λ[G0,Λ,p]−1]GΛ,p(K) (6.8a)

= − Θ(k − Λ)2(iω − vpσ · k)
[iω − vpσ · k−Θ(k − Λ)ΣΛ,p(K)]2

δ(k − Λ)
Θ(k − Λ)2 . (6.8b)

Evidently, ĠΛ,p contains an intricate combination of a Dirac delta function and multiple
Heaviside functions. Loosely speaking, due to the former, the step functions are to be
evaluated at their discontinuity. Therefore, one must be careful to evaluate this expression
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correctly by using Morris’s lemma [40, 45, 51],

I(x) = δ(x)f(Θ(x)) = δ(x)
∫ 1

0
dtf(t). (6.9)

In the special case f(Θ(x)) = Θ(x), this gives the common relation δ(x)Θ(x) = 1
2δ(x).

Eventually, we obtain

ĠΛ,p(K) = −δ(k − Λ)c
∫ 1

0
dt

1
c− td

(6.10a)

= −δ(k − Λ)[c− d]−1 (6.10b)

= − δ(k − Λ)
iω − vpσ · k− ΣΛ,p(K) . (6.10c)

6.3 Simplifying the flow equations
6.3.1 Truncation scheme
Up to this point, we are facing an infinite hierarchy of coupled integro-differential equations.
Therefore, in order to proceed, we must necessarily truncate the latter. In the following, we
implement a truncation based on relevance [40], in which one classifies vertices according to
their scaling dimension and retains only the relevant and marginal vertices. By keeping the
Gaussian part of the action (Eq. 3.87) invariant under RG scale transformations and denoting
the scaling dimension of a quantity A as [A], we obtain for the fields

Λ3Λ2[ψ]Λ1 = 1 ⇒ 3 + 2[ψ] + 1 = 0 ⇒ [ψ] = [ϕ] = −2, (6.11)

since [d2kdω] = 3 due to the linear isotropic energy dispersion and [G−1
0,p(K)] = [F−1

0 (K)] = 1
[65, 77]. Hence, we conclude according to Eq. (6.1) that irreducible vertices with a total
number of k = 2n+m external legs have scaling dimension

[Γ(k)] = k − 3, (6.12)

and irreducible vertices with k > 3 are irrelevant, that is they decrease under the RG, i.e.
Λ→ 0. We shall therefore set all vertices with four or more external legs equal to zero. Note
that these vertices vanish at the initial scale (Eq. 3.87) and are solely generated by the RG
procedure. Additionally, one might argue that e.g. the irreducible four-legged vertex Γ(4,0)

includes processes in the particle-particle and exchange channel involving multiple particles
and large momentum transfers. To be consistent with the low-energy expansion in Chapter 3,
it is therefore sensible to drop these contributions.
Further, we notice that the self-energy and the polarization (k = 2) are relevant, while all

three-point vertices are marginal. Recall that Γ(2,1)
Λ,p with one boson and two fermion legs is

still a matrix in pseudospin (sublattice) space and thus represents four marginal vertices. Of
the latter, we neglect those that change the sublattice affiliation, i.e. Γ(2,1)

Λ,p (K ′σ′;Kσ;K) ≈
δσ,σ′ΓσΛ,p(K ′;K;K), as they vanish at the initial scale and are assumed to remain small
compared to the sublattice-preserving ones which are already finite in the bare action (Eq. 3.87).
Finally, we drop terms containing the marginal, purely bosonic three-point vertex Γ(0,3). In
fact, this is no explicit approximation as within our cutoff scheme these vertices do not appear
in the flow of the self-energy and the polarization. In case of the latter, the two diagrams in Fig.
6.3 involving Γ(0,3) are equal to zero, because they are accompanied by bosonic single-scale
propagators.39

39Nonetheless, there is a single diagram in the flow of the three-point vertex Γ(2,1) (Fig. D.1) that involves
Γ(0,3) but does not contain a bosonic single-scale propagator. Dropping this diagram influences the flow of
the self-energies implicitly.
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=
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= =
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Figure 6.4: Diagrammatic representation of the truncated flow equations for the selfenergy
(square), the polarization (circle), and the three-point vertex (triangle) according
to Eqs. (6.14), (6.15), and (6.16). The colors (red and blue) indicate the two
pseudospins (sublattices). Note that in pseudospin space the self-energy has four
independent matrix elements, while the three-point vertex is diagonal within our
truncation.

Taken together, our truncation scheme boils down to retaining only the vertices that are
already present in the bare action. Therefore, the effective action at an arbitrary scale Λ is
formally given by40

SΛ[ψ†, ψ, ϕ] =−
∑
p

∫
K

ψ†p(K)G−1
p,Λ(K)ψp(K) + 1

2

∫
Q

F−1
Λ (Q)ϕ(−Q)ϕ(Q)

+
∑
p

∑
σ

∫
K

∫
Q

ΓσΛ,p(K +Q;K,Q)ψ†p,σ(K +Q)ψp,σ(K)ϕ(Q).
(6.13)

Of course, this expression is of no practical use since all relevant information, most importantly
the effective energy dispersion, is hidden in the scale-dependent quantities. To obtain the
latter, one must solve the corresponding flow equations for the self-energy, the polarization,

40Note that this effective action is in the literature frequently designated as ΓΛ for historical reasons [48, 81].
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and the irreducible three-legged vertex, which within our truncation read (Fig. 6.4)

∂ΛΣσσ
′

Λ,p(K) =
∫
Q

FΛ(Q)Ġσσ
′

Λ (K −Q)ΓσΛ,p(K;K −Q;Q)Γσ
′

Λ,p(K −Q;K;−Q), (6.14)

∂ΛΠΛ(Q) =
∑
p,σ1σ2

∫
K

[
Ġσ1σ2

Λ,p (K)Gσ2σ1
Λ,p (K −Q) +Gσ1σ2

Λ,p (K)Ġσ2σ1
Λ,p (K −Q)

]
× Γσ2

Λ,p(K;K −Q;Q)Γσ1
Λ,p(K −Q,K,−Q),

(6.15)

∂ΛΓσΛ,p(K ′;K;K) =
∑
σ′

∫
Q

FΛ(Q)
[
Ġσσ

′

Λ,p(K ′ −Q)Gσ
′σ

Λ,p(K −Q)

+ Gσσ
′

Λ,p(K ′ −Q)Ġσ
′σ

Λ,p(K −Q)
]

× ΓσΛ,p(K −Q;K;−Q)Γσ
′

Λ,p(K ′ −Q;K −Q;K)
× ΓσΛ,p(K ′;K ′ −Q;Q).

(6.16)

These flow equations form a closed set of integro-differential equations, which, in principle, can
be solved self-consistently. However, even within this trunctation a practical implementation
is out of sight. Hence, we shall for simplicity ignore the momentum and frequency dependence
of the three-point vertex, i.e. ΓσΛ,p ≈ iγΛ, where the factor γΛ allows for a rescaling of the
vertex with respect to its bare value, Γσp = i (Eq. 3.87). This seems to be reasonable since we
are focusing on the low-energy regime (small frequencies) with restricted momentum transfers
q . Λ0 where one might expect a weak momentum and frequency dependence of ΓΛ, p

σ [65].41

In this way, we obtain the effective equations

∂ΛΣΛ,p(K) = −γ2
Λ

∫
Q

FΛ(Q)ĠΛ,p(K −Q), (6.17)

∂ΛΠΛ(Q) = −γ2
Λ
∑
p

∑
σ1σ2

∫
K

[
Ġσ1σ2

Λ,p (K)Gσ2σ1
Λ,p (K −Q) +Gσ1σ2

Λ,p (K)Ġσ2σ1
Λ,p (K −Q)

]
, (6.18)

∂ΛγΛ = −γ3
Λ

∫
Q

∑
σ′

FΛ(Q)
[
Ġσσ

′

Λ,p(Q)Gσ
′σ

Λ,p(Q) +Gσσ
′

Λ,p(Q)Ġσ
′σ

Λ,p(Q)
]
, (6.19)

in which we write the the self-energy in matrix form, i.e. [ΣΛ,p]σ,σ′ = Σσσ′Λ,p (cf. Eq. 4.1).

6.3.2 Flowing velocity and dielectric function
The flow equations (6.17)-(6.19), diagrammatically shown in Fig. 6.4, define the FRG approach
in this work. In what follows, we shall try to analytically simplify these equations as far as
possible to eventually extract physical information. In particular, we are interested in the
renormalized quasi-particle velocity and the dielectric function. For this reason, we shall
identify cutoff-dependent versions of these quantities and derive corresponding flow equations.
In case of the dielectric function, this is straightforward from the bosonic Dyson equation (6.7),
which we can write as

[FΛ(Q)]−1 = |q|
2πe2 + ΠΛ(Q) = εΛ(Q)q

2πe2 (6.20)

to identify the flowing dielectric function εΛ(Q) in the same manner as in the RPA (Eq. 4.57),

εΛ(Q) ≡ 1 + V (Q)ΠΛ(Q) = 1 + 2πe2

|q| ΠΛ(Q). (6.21)

41In fact, in Ref. [65] the authors argue that one should obtain qualitatively correct results for the even
stronger approximation ΓσΛ,p ≈ i.
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For the Fermi velocity, we exploit the low-energy frequency expansion of the self-energy
(Eq. 4.6),

ΣΛ,p(K) ≈ pVΛ(k)σ · k + (1− Z−1
Λ )iω, (6.22)

in which VΛ(k) and the quasi-particle residue ZΛ are now cutoff-dependent. Hence, the flowing
renormalized quasi-particle velocity vΛ(k) is given by

vΛ(k) ≡ ZΛ [vF + VΛ(k)] (6.23)

and defines the renormalized energy dispersion according to ξΛ(k) = vΛ(k)k (cf. Eq. 4.11).
Using Eqs. (6.23) and (6.22), the fermionic propagator and the single-scale propagator read

GΛ,p(K) = −Θ(k − Λ)ZΛ
iω + pvΛ(k)σ · k
ω2 + ξ2

Λ(k) , (6.24)

ĠΛ,p(K) = δ(k − Λ)ZΛ
iω + pvΛ(k)σ · k
ω2 + ξ2

Λ(k) . (6.25)

Note that due to the delta function, the latter is strongly peak at the single scale set by the
(current) infrared cutoff Λ, justifying its designation.

Eventually, we will perform the physical limit of vanishing infrared cutoff, i.e. Λ → 0,
in which our FRG approach yields the cutoff-independent interacting Green’s function and,
correspondingly, the physical quasi-particle velocity and the dielectric function,

vphys(k) ≡ v(k) ≡ vΛ→0(k),
εphys(q) ≡ ε(k) ≡ εΛ→0(q),

(6.26)

in whose notation we simply drop the cutoff label.

6.3.2.1 Flow equation for the quasi-particle velocity

Let us now derive a flow equation for the renormalized velocity in graphene by taking the
cutoff derivative of Eq. (6.23),

∂ΛvΛ(k) = (∂ΛZΛ) 1
ZΛ

vΛ(k) + ZΛ(∂ΛVΛ(k)) (6.27)

= ηΛ

Λ vΛ(k) + ZΛ(∂ΛVΛ(k)). (6.28)

Hereby, we can identify the anomalous dimension ηΛ, which is defined by the relation [40]

Λ∂ΛZΛ = ηΛZΛ, (6.29)

and can be viewed as an interaction correction to the scaling dimension of the fields.42

According to Eq. (6.22), the anomalous dimension is determined by the flow of the self-energy
for vanishing momentum,

∂ΛΣΛ,p(0, iω) = −iω∂ΛZ
−1
Λ +O(ω2) = iω

1
ZΛ

ηΛ

Λ +O(ω2), (6.30)

⇒ ηΛ = ΛZΛ lim
ω→0

∂

∂iω
∂ΛΣΛ,p(0, iω). (6.31)

Hence, we can exploit the flow equation for the self-energy to obtain an integral equation for
ηΛ. Setting k = 0 in Eq. (6.17), we find

∂ΛΣΛ,p(0, iω) = −γ2
ΛZΛ

∫
d2q

(2π)2

∫
dω

2π
2πe2

q

δ(q − Λ)
ε(q, iω)

iω − iω
(ω − ω)2 + ξ2

Λ(q) . (6.32)

42Let us assume that η = limΛ→0 ηΛ is finite. Varying the RG scale exponentially, i.e. Λ = e−l, Eq. (6.29)
reads ∂lZl = −ηlZl, which is solved by an exponential ansatz. Hence, for small enough Λ (large enough
l), we have Zl ∼ e−ηl and thus ZΛ ∼ Λη, which changes the scaling properties of the propagator since
GΛ,p(K) ∼ ZΛ [40].
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Substituting this expression into Eq. (6.31) and performing the partial derivative, the limit,
and the trivial momentum integration, where in the latter we use the isotropy of the problem,
i.e. ε(q, iω) = ε(q, iω), we find the integral equation

ηΛ = e2γ2
ΛZ

2
Λ

∫
dω

2π
ω2 − ξ2

Λ(q)[
ω2 + ξ2

Λ(Λ)
]2 Λ
εΛ(Λ, iω) . (6.33)

Besides the anomalous dimension, we need an expression for ∂ΛVΛ(k) in the flow of the velocity
in Eq. (6.28). Similar to the previous case, this can be obtained from the self-energy flow for
vanishing frequency,

∂ΛΣΛ,p(k, 0) = p∂ΛVΛ(k)σ · k (6.34)

= −γ2
ΛZΛ

∫
d2q

(2π)2

∫
dω

2π
2πe2

|k− q|
δ(|q| − Λ)

εΛ(k− q, iω)

[
−iω + pvΛ(q)σ · q

ω2 + ξ2
Λ(q)

]
. (6.35)

Here, the first line simply corresponds to the cutoff-derivative of the self-energy expansion in
Eq. (6.22), whereas the second line is the self-energy flow (Eq. 6.17). A comparison of these
two expressions yields

∂ΛVΛ(k) = −γ2
ΛZΛ

2πe2

k

∫
d2q

(2π)2

∫
dω

2π
δ(q − Λ)q̂ · k̂

|k− q|εΛ(k− q, iω)
ξΛ(q)

ω2 + ξ2
Λ(q)

. (6.36)

Hence, the flow of vΛ(k) is governed by the equation

Λ∂ΛvΛ(k) = ηΛvΛ(k)− 2πe2γ2
ΛZ

2
Λ

Λ
k

∫
d2q

(2π)2
δ(q − Λ)q̂ · k̂
|k− q|

×
∫
dω

2π
ξΛ(q)

ω2 + ξ2
Λ(q)

1
εΛ(k− q, iω) .

(6.37)

Evidently, the existing momentum integral contains a delta function and can thus be partially
evaluated in polar coordinates. Again, using the isotropy of the system, we obtain the following
flow equation for the quasi-particle velocity,43

Λ∂ΛvΛ(k) = ηΛvΛ(k)− γ2
ΛZ

2
Λ
e2

π

Λ
k

∫ π

0
dϕ

cosϕ√
1− 2 kΛ cosϕ+ ( kΛ )2

×
∫ ∞
−∞

dω

2π
ξΛ(Λ)

ξ2
Λ(Λ) + ω2

1
εΛ

(√
Λ2 − 2kΛ cosϕ+ k2, iω

) . (6.38)

6.3.2.2 Flow equation for the dielectric function

Proceeding just like for the velocity, a flow equation for the dielectric function εΛ(Q) can be
derived by taking the cutoff-derivative of its definition in Eq. (6.21) and substituting the flow
of the polarization. Thereby, it is convenient to include the twofold degeneracy due to the
electron spin right from the start. In this way, by combining the product of Green’s functions
in Eq. (6.18) to a trace in pseudospin space, we obtain

∂εΛ(Q) = γ2
ΛZ

2
Λ

4πe2

q

∑
p

∫
K

[δ(k − Λ)Θ(|k− q| − Λ) + Θ(k − Λ)δ(|k− q| − Λ)]

× Tr
(
GcΛ,p(K)GcΛ,p(K −Q)

)
,

(6.39)

43We exploit the equality∫ 2π

0
dϕf(cosϕ) =

∫ π

0
dϕf(cosϕ)−

∫ π

2π
dϕf(cosϕ) ϕ→−ϕ+2π= 2

∫ π

0
dϕf(cosϕ)

.
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where GcΛ,p(K) denotes the common part of the propagators in Eqs. (6.24) and (6.25). Except
for prefactors and the combinations of delta and Heaviside functions, the appearing integrals
closely resemble the case of the plain polarization in Sec. 4.3.1. Hence, we shall use contour
integration followed by elliptic coordinates to perform these integrals. Using the common Pauli
matrix properties (Eq. 4.38), the trace in Eq. (6.39) can be evaluated, which yields

∂εΛ(Q) = −γ2
ΛZ

2
Λ

16πe2

q

∫
K

[δ(k − Λ)Θ(|k− q| − Λ) + Θ(k − Λ)δ(|k− q| − Λ)]

× ω(ω − ω)− ξΛ(k)ξΛ(k − q)n(k,q)[
ω2 + ξ2

Λ(k)
] [

(ω − ω)2 + ξ2
Λ(k − q)

] , (6.40)

with n(k,q) as defined in Eq. (4.44). Focusing on the second line of this equation and
promoting ω to a complex variable, we can identify the simple poles ω1/2 = ±iξΛ(k) and
ω3/4 = ω±iξΛ(k−q). Choosing a semicircle-contour in the upper half-plane (Fig. 4.3) including
the real frequency axis and closed at infinity, where the integrand vanishes, only the two poles
ω1 and ω3 with residues

Res(I, ω1) = iξ(k)(iξ(k)− ω)− vΛ(k)vΛ(k − q)k · (k− q)
[2iξ(k)] [(iξ(k)− ω)2 + ξ2(k − q)] , (6.41)

Res(I, ω3) = iξ(k − q)(ω + iξ(k − q))− vΛ(k)vΛ(k − q)k · (k− q)
2iξ(k − q) [(ω + iξ(k − q))2 + ξ2(k)] , (6.42)

are encircled. Applying the theorem of residues, one finds after some algebraic manipulation
the following expression,

∂εΛ(Q) = −γ2
ΛZ

2
Λ

8πe2

q

∫
d2k

(2π)2 [δ(k − Λ)Θ(|k− q| − Λ) + Θ(k − Λ)δ(|k− q| − Λ)]

× ξΛ(k) + ξΛ(k − q)
[ξΛ(k) + ξΛ(k − q)]2 + ω2 [1− n(k,q)] .

(6.43)

Substituting k→ k + q
2 and switching to elliptic coordinates as done around Eq. (4.46), this

can be written as

∂ΛεΛ(Q) = −γ2
ΛZ

2
Λ
e2

π
q

∫ ∞
0

du

∫ 2π

0
dϕ sin2 ϕ

ξΛ(Λ) + ξΛ(Λ + q cosϕ)
[ξΛ(Λ) + ξΛ(Λ + q cosϕ]2 + ω2

×
[
δ
(q

2(cosh u+ cosϕ)− Λ
)

Θ (− cosϕ)

+ δ
(q

2(cosh u− cosϕ)− Λ
)

Θ (cosϕ)
]
,

(6.44)

where we used the fact that due to the respective delta function, the integral is only non-
vanishing if

Λ = q

2(cosh u± cosϕ). (6.45)

Of course, this can be exploited even further and allows for the exact evaluation of one of the
integrations. Therefore, note that the u-dependence of the integrand is isolated in the two
delta functions. Due to the alternating signs of the arguments of the Heaviside functions, the
terms in brackets can be combined, which together with the symmetry of the integrand yields

∂ΛεΛ(Q) = −γ2
ΛZ

2
Λ

4e2

π
q

∫ π/2

0
dϕ sin2 ϕ

ξΛ(Λ) + ξΛ(Λ + q cosϕ)
[ξΛ(Λ) + ξΛ(Λ + q cosϕ]2 + ω2

×
∫ ∞

0
du δ

(q
2(cosh u− cosϕ)− Λ

)
.

(6.46)

64



6.3 SIMPLIFYING THE FLOW EQUATIONS

In this form, we can perform the trivial integral in the second line,∫ ∞
0

du δ
(q

2(cosh u− cosϕ)− Λ
)

= 2
q

∫ ∞
1

dy
1√
y2 − 1

δ

(
y − (cosϕ+ 2Λ

q
)
)

(6.47)

= 2
q

Θ(cosϕ+ 2Λ
q − 1)√

(cosϕ+ 2Λ
q )2 − 1

, (6.48)

where y = cosh u and the Heaviside function represents the condition that the peak of the
delta function lies in the domain of integration. We thus find the following flow equation for
the dielectric function,

Λ∂ΛεΛ(Q) = −γ2
ΛZ

2
Λ

4e2

π
q

∫ π/2

0
dϕ

Θ(1 + q
2Λ cosϕ− q

2Λ ) sin2 ϕ√
(1 + q

2Λ cosϕ)2 − ( q
2Λ )2

× ξΛ(Λ) + ξΛ(Λ + q cosϕ)
[ξΛ(Λ) + ξΛ(Λ + q cosϕ]2 + ω2 .

(6.49)

6.3.2.3 Flow equation for the constant three-legged vertex

Last, we will simplify the flow equation of the three-point vertex. Therefore, we write the
products appearing in Eq. (6.19) as a trace in pseudospin space,

∂ΛγΛ = −γ3
Λ

∫
Q

FΛ(Q) Tr
(
GΛ,p(Q)ĠΛ,p(Q)

)
. (6.50)

Here, the matrix GΛ,p(Q)ĠΛ,p(Q) can be calculated using the raw propagators (Eqs. 6.4 and
6.8b) and the Morris lemma (Eq. 6.9),

GΛ,p(Q)ĠΛ,p(Q) = −δ(q − Λ)
∫ 1

0
dt

tG−1
0 (Q)[

G−1
0 (Q)− tΣΛ,p(Q)

]3 (6.51)

= − δ(q − Λ)
2
[
G−1

0 (Q)− ΣΛ,p(Q)
]2 . (6.52)

Performing the trace,

Tr
([
G−1

0 (Q)− ΣΛ,p
]−2) = 2Z2

Λ
(iω)2 + ξ2

Λ(q)[
ω2 + ξ2

Λ(q)
]2 , (6.53)

and the momentum integration, which is trivial due to delta function, we end up with the
relation

Λ∂ΛγΛ = −γΛ

(
e2γ2

ΛZ
2
Λ

∫
dω

2π
ω2 − ξ2

Λ(q)[
ω2 + ξ2

Λ(Λ)
]2 Λ
εΛ(Λ, iω)

)
(6.54a)

= −γΛηΛ. (6.54b)

According to Eq. (6.29), this implies ∂Λ(ZΛγΛ) = 0 and equivalently γΛZΛ = const. Taken
together with the initial condition ZΛ0 = γΛ0 = 1 (see Eq. 3.87), we conclude that the flow
equation for the vertex γΛ simply reduces to the identity [22]

γΛ = 1
ZΛ

, (6.55)

which indicates a cancellation of vertex and self-energy corrections.44 In fact, since the flow
equations (6.38) and (6.49) for the quasi-particle velocity and the dielectric function contain
44Consider for example the analytic expression corresponding to the polarization bubble diagram in Fig. 4.1a

including the vertices. Substituting iγΛ for the latter and full propagators proportional to ZΛ (see Eq. 6.24)
for the solid lines, these factors cancel due to Eq. 6.55.
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only products γΛZΛ, these contributions cancel exactly, so that the flow equations become
independent of both γΛ and ZΛ.

Note, that relation (6.55) can also be obtained from a general Ward identity for the irreducible
three-point vertex [39]. If the fermion propagator has the common form,

G0,p(K) = [iω − vp · k]−1 ∼ 1, (6.56)

this Ward identity reads [37, 40, 65]45

Gp(K +Q)Γ(2,1)(K +Q;K;Q)Gp(K) = −i
iω − vp · q

[Gp(K +Q)−Gp(K)] . (6.57)

However, one must be careful, since the matrix structure of the propagator in graphene
is distinguished from Eq. (6.56) in that it is not proportional to the unit matrix and thus
not commutative. Nonetheless, only the momentum dependent part, i.e. the term σ · k, is
responsible for this mismatch. Hence, the Ward identity (6.57) holds in graphene when setting
all external momenta equal to zero. In this way, we obtain the equality

−iΓσΛ,p(ω + ω;ω, ω) = 1− ΣΛ,p(iω + iω)− ΣΛ,p(iω)
iω

. (6.58)

Finally, considering the constant, frequency-independent part of the three-legged vertex, i.e.
γΛ ≡ −iΓσΛ,p(0; 0; 0) , by setting ω = 0 and taking the limit ω → 0, we find

γΛ = 1− ∂ΣΛ,p(iω)
iω

∣∣∣∣
ω=0

= 1
ZΛ

. (6.59)

Because of the cancellation of self-energy and vertex corrections, the flow equations for the
renormalized velocity and the dielectric function (Eqs. 6.38 and 6.49) form a closed system of
coupled equations. It is the purpose of the last chapter to discuss the solution of this system.

45Ward identities follow from symmetries of the theory similar to conservation laws according to the classical
Noether theorem. In particular, Eq. (6.57) can be derived from the invariance of Gc (Eq. 5.11) under local
gauge transformations, related to charge conservation, as shown in Ref. [65].
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7 Solution of the flow equations

The derived system of coupled integro-differential flow equations (Eqs. 6.38 and 6.49) describes
the evolution of the renormalized quasi-particle velocity and the dielectric function under a
reduction of the RG scale, Λ. By integrating those relations, one gains the functions vΛ(k) and
εΛ(k) for arbitrary values of Λ and, in particular, for Λ→ 0, in which the cutoff-dependence
is removed, and the FRG approach yields the interacting Matsubara Green’s function (see
below Eq. 6.7). In what follows, we provide the solution the system of flow equations
within the approximation of static screening, i.e. ε(q, iω) ≈ ε(q). Subsequent to an analytic
analysis of limiting cases, in which we recover the results of Chapter 4, we will discuss the
implementation of a numerical approach that allows for the extraction of the complete cutoff
and momentum dependence of the quasi-particle velocity and the dielectric function. Finally,
we shall compare these non-perturbative FRG results to weak-coupling theory and to the
experimental observations by Elias et al. [17].

7.1 Static screening approximation
To reduce the complexity of the numerical approach, we shall apply the approximation of static
screening and neglect the frequency dependence of the dielectric function, i.e. ε(q, iω) ≈ ε(q).
Note that this is still sufficient to obtain a non-perturbative renormalization of the quasi-
particle velocity, and a static approximation has previously been applied in the context of
quantum critical scaling in graphene [68]. Within this framework, the anomalous dimension
vanishes, as can be seen by contour integration: the integrand of the frequency integral in Eq.
eqrefeq:etaIntegral can be rewritten as

I ≡
ω2 − ξ2

Λ
(ω − iξΛ)2(ω + iξΛ)2 , (7.1)

displaying two second order poles ω1 = iξΛ(q) and ω2 = −iξΛ(q). Since the corresponding
residues vanish, ηΛ = 0 according to the theorem of residues. Consequently, the quasi-particle
residue and the constant three-point vertex are unity, i.e. γΛ = ZΛ = 1, due to Eqs. (6.54b)
and (6.55). We can thus rewrite the flow of the renormalized velocity (Eq. 6.38) as

Λ∂ΛvΛ(k) = −e
2

π

Λ
k

∫ π

0
dϕ

cosϕ√
1− 2 kΛ cosϕ+ ( kΛ )2

1
εΛ

(√
Λ2 − 2kΛ cosϕ+ k2

)
×
∫ ∞
−∞

dω

2π
ξΛ(Λ)

ξ2
Λ(Λ) + ω2 .

(7.2)

Thereby, the momentum and frequency integrations factorize, and the latter can be evaluated
by contour integration. Proceeding as above, we have

I ≡
∫
dω

2π
ξΛ(q)

(ω − iξΛ(q))(ω + iξΛ(q)) (7.3)

with simple poles ω1 = iξΛ(q), ω2 = −iξΛ(q) and residues Res(I, ω1) = −i/2, Res(I, ω2) =
+i/2. Closing the contour in the upper half plane (including ω1), we obtain∫

dω

2π
ξΛ(q)

ω2 + ξ2
Λ(q)

= 1
2 . (7.4)
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Taken together with the flow equation (6.49) for ω = 0, the flow equations for the renormalized
velocity and the dielectric function within static approximation are as follows,

Λ∂ΛvΛ(k) = − e
2

2π
Λ
k

∫ π

0
dϕ

cosϕ√
1− 2 kΛ cosϕ+ ( kΛ )2

1
εΛ

(√
Λ2 − 2kΛ cosϕ+ k2

) , (7.5)

Λ∂ΛεΛ(q) = −4e2

π

q

Λ

∫ π/2

0
dϕ

Θ
(
1 + q

2Λ cosϕ− q
2Λ
)√

(1 + q
2Λ cosϕ)2 −

(
q

2Λ
)2

× sin2 ϕ

vΛ(Λ) + (1 + q
Λ cosϕ)vΛ (Λ + q cosϕ) .

(7.6)

7.2 Analytical limits
7.2.1 Velocity renormalization in first order perturbation theory
Although a by hand solution of the coupled equations (7.5) and (7.6) seems to be out of sight,
it is nevertheless sensible to consider limiting cases analytically. This can be regarded as a
consistency check, but allows for a test of the integration routines in the subsequent numerical
approach.

First, let us try to recover the renormalization of the velocity within first order perturbation
theory (Eq. 4.33). It is evident from the diagrammatic representation of the flow equation for
the self-energy in Fig. 6.4 that we are considering the correct diagram (cf. Fig. 4.1c). However,
instead of F (Q) = V (Q), which implies Π(Q) = 0, we consider the full bosonic propagator
(wavy lines), i.e. a polarization ΠΛ(Q), in the FRG approach. Therefore, we should enforce
ΠΛ(Q) = 0, or equivalently εΛ(Q) = 1, to recover first order pertubation theory. Notice that
in this limit the flow equations (7.5) and (7.6) decouple. Hence, we face the single equation

Λ∂ΛvΛ(k) = −e2β

(
k

Λ

)
, (7.7)

which, using vΛ0(k) = vF , is formally solved by

vΛ(k)
vF

= 1 + α

∫ k/Λ

k/Λ0

dq

q
β(q). (7.8)

Here, we customarily introduced the beta function

β

(
k̃ = k

Λ

)
= 1

2πk̃

∫ π

0
dϕ

cosϕ√
1− 2k̃ cosϕ+ k̃2

, (7.9)

describing the logarithmic flow of vΛ(k). As it turns out, it has the alternative representation

β(k̃) = 1
2πk̃2

[
1 + k̃2

1 + k̃
K

(
4k̃

(1 + k̃)2

)
− (1 + k̃2)E

(
4k̃

(1 + k̃)2

)]
(7.10)

in terms of the complete elliptic integrals of first (K) and second kind (E). Obvious from the
corresponding graph (Fig. 7.1a), the beta function has the property β(k̃) > 0 for all finite,
positive k̃, which according to Eq. (7.7) translates into a monotonically increasing velocity.
Moreover, one finds the asymptotic behavior

β(k̃) ∝


1
4 +O(k̃2), for k̃ → 0,

1
4 k̃
−3 +O(k̃−4), for k̃ →∞.

(7.11)
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Figure 7.1: Beta function β(k̃) as a function of the dimensionless momentum variable k̃ = k/Λ
as in Eq. (7.10). It shows a singularity when the momentum and the current
RG scale coincide, i.e. k = Λ. The dashed lines indicate the low and high
momentum asymptotic behavior (Eq. 7.11).

Let us take the limit Λ → 0 in Eq. (7.8) to obtain a relation for the physical quasi-particle
velocity (Eq. 6.26). In this case, we have

v(k)
vF

= 1 + αB( kΛ0
), (7.12)

B(k̃) =
∫ ∞
k̃

dq

q
β(q). (7.13)

It is now evident that we recover the velocity renormalization of first order perturbation theory
by substituting the low-momentum asymptotic behavior of the beta function,

v(k)
vF

= 1 + α

4 ln(Λ0/k). (7.14)

7.2.2 Static dielectric function in random phase approximation

Turning to the dielectric function, we shall now recover the RPA prediction for the latter
(Eq. 4.57) from the FRG flow equations. Comparing its definitions in Eqs. (6.21) and (4.57)
indicates that we must realize the equality ΠΛ(Q) = Π0(Q). As for the velocity, by looking
at the diagrammatic representation of the flow of the polarization in Fig. 6.4, we note that
it resembles the polarization bubble diagram if one replaces the non-interacting propagators
by their interacting counterparts. Hence, we must enforce vΛ(k) = vF to suppress the
renormalization of the Green’s function. In this way, the flow equations (7.5) and (7.6)
decouple again, and we obtain in the physical limit the single equation

ε(q) = 1 + 4e2q

πvF

∫ ∞
0

dΛ
∫ π/2

0
dϕ

Θ(1− q
2Λ (1− cosϕ))√

(Λ + q
2 cosϕ)2 − q2

4

sin2 ϕ

2Λ + q cosϕ. (7.15)
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The remaining integrals can be performed exactly. Using the substitution y = 1− q
2Λ (1− cosϕ)

and defining cϕ ≡ 1/(1− cosϕ)) we find

ε(q) = 1 + 4e2

πvF

∫ π/2

0
dϕcϕ sin2 ϕ

×
∫ 1

−∞
dy

Θ(y)√
((1− cϕ)y + cϕ)2 − (cϕ − cϕy)2

1
(1− cϕ)y + cϕ

(7.16a)

= 1 + 4e2

πvF

∫ π/2

0
dϕcϕ sin2 ϕ

×
∫ 1

0
dy

1√
y(−(2cϕ(y − 1)− y))(cϕ(−y) + cϕ + y)2︸ ︷︷ ︸

= π
2cϕ

(7.16b)

= 1 + 2e2

vF

∫ π/2

0
dϕ sin2 ϕ︸ ︷︷ ︸
π/4

(7.16c)

= 1 + πe2

2vF
. (7.16d)

This result coincides with the dielectric function in random phase approximation, εRPA(q),
derived in Sec. 4.3.2 (Eq. 4.57). Let us remark that one must consider Nf = 8 in this
comparison, as we did account for all degrees of freedom (including the electron spin) in the
FRG flow equations.

7.3 Numerical solution
7.3.1 Dimensionless integral equations
In order to solve the flow equations for the renormalized velocity and the dielectric function
without further approximations, it is useful to transform the coupled integro-differential
equations (7.5) and (7.6) into pure integral equations by means of the fundamental theorem of
calculus. This allows us to avoid a mixing of numerical integration and differentiation routines
and reduces the task to performing multiple coupled numerical integrations. Thereby, we
incorporate the initial conditions

vΛ0(k) = vF ,

εΛ0(q) = 1,
(7.17)

due to a constant velocity (Dirac cones) and the absence of screening in the non-interacting
theory (Ch. 2). In this way, we obtain the following expressions,

vΛ(k) = 1− e2

2π
1
k

∫ Λ

Λ0

dλ

∫ π

0
dϕ

cosϕ√
1− 2 kλ cosϕ+

(
k
λ

)2
× 1

ελ(λ
√

1− 2 kλ cosϕ+
(
k
λ

)2)
,

(7.18)

εΛ(q) = 1− 4e2

π

∫ Λ

Λ0

dλ
q

λ2

∫ π/2

0
dϕ

Θ
(
1 + q

2λ cosϕ− q
2λ
)√(

1 + q
2λ cosϕ

)2 − ( q
2λ )2

× sin2 ϕ

vλ(λ) +
(
1 + q

λ cosϕ
)
vλ(λ+ q cosϕ)

.

(7.19)
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Further, to avoid exponential factors due to units, let us rescale the velocity and dielectric
function and work with dimensionless quantities

ṽΛ(k) ≡ vΛ(k)
vF

, ε̃Λ(q) ≡ εΛ(q)
ε0

. (7.20)

Actually, the second equivalence reads ε̃Λ(q) = εΛ(q) within our unit system, where ε0 = 1 is
already dimensionless. Nonetheless, for symmetry reasons we shall use the former notation in
the following. Naturally, a dimensionless description is also worthwhile for the momenta. As it
is custom within the field, one usually varies the RG scale (the infrared cutoff Λ) exponentially,
which commonly reads Λ = Λ0e

−l, with l being the dimensionless RG parameter. We will
follow this scheme in this work but use a slightly different notation,46

Λ ≡ Λ0e
−Λ′ , k ≡ Λ0e

−k′ , q ≡ Λ0e
−q′ , r ≡ λ ≡ Λ0e

−r′ . (7.21)

These equivalences define the dimensionless momenta and momentum cutoffs on the r.h.s.
which are indicated by primed letters. Note that the distinction between k and q is a convention
that we may drop at this point. In fact, for simplicity it is favorable to treat those momenta
equally within a numerical implementation. Using the relations above, we can express the
integral equations (7.18) and (7.19) in terms of the logarithmic dimensionless quantities as

ṽΛ′(k′) = 1 + α

2π

∫ Λ′

0
dr′

1
x

∫ π

0
dϕ

cosϕ√
1− 2x cosϕ+ x2

× 1
ε̃r′
(
− log

(
e−r′

√
1− 2x cosϕ+ x2

)) , (7.22)

ε̃Λ′(k′) = 1 + 4α
π

∫ Λ′

0
dr′x

∫ π/2

0
dϕ

Θ
(
1 + x

2 cosϕ− x
2
)√

(1 + x
2 cosϕ)2 − (x2 )2

× sin2 ϕ

ṽr′(r′) + (1 + x cosϕ)ṽr′ (− log (e−r′(1 + x cosϕ))) ,
(7.23)

where x = e−k
′+r′ and the functions ṽΛ′(k′), ε̃Λ′(k′) are equivalent to ṽΛ(k), ε̃Λ(k) after a

transformation of the arguments according to the relations (7.21). By construction these
integral equations for the scale-dependent renormalized velocity and the dielectric function
are entirely dimensionless and thus serve as the appropriate starting point for a numerical
approach.

7.3.2 Implementation
The desired functions ṽΛ′(k′) and ε̃Λ′(k′) depend on two dimensionless variables, that is the
momentum k′ and the infrared momentum cutoff Λ′. We must therefore perform the numerical
evaluation on a two-dimensional grid G, in which each dimension corresponds to one of these
momenta. Recall that within the FRG procedure the dimension carrying cutoff Λ starts at the
scale set by Λ0 and should eventually be removed, i.e. Λ→ 0. By construction it thus varies
in the range 0 ≤ Λ ≤ Λ0. Similarly, because the ultraviolet cutoff Λ0 serves as an upper bound
for the external momenta, the latter are sensibly taken in the regime 0 ≤ k ≤ Λ0. Therefore,
it is clear from Eq. (7.21) that these intervals translate into the condition

∞ ≥ Λ′, k′ ≥ 0 (7.24)

for the dimensionless logarithmic variables. The momentum grid G is thus spanned by two
discrete vectors that consistent with this condition specify the denseness of lattice points by
46In fact, anticipating a logarithmic behavior of v(k), it is also desirable from a numerical point of view to

sample the momenta logarithmically.
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their lengths NΛ′ , Nk′ . Correspondingly, being calculated on G, the renormalized velocity and
the dielectric function are then taking to be discrete grids, too, in which each lattice point p
contains the value of the respective function for the particular pair of external momentum and
infrared cutoff p ∈ G.
With this discretization in mind, we turn back to Eqs. (7.22) and (7.23). Because of their

coupled nature, the calculation of ṽΛ′(k′) requires the knowledge of the dielectric function for
many momenta k′query at several momentum scales Λ′query. In particular, due to the continuous
functional forms

Λ′query(r′) = r′, (7.25)

k′query(k′, r′, ϕ) = − log
(
e−r

′√
1− 2x cosϕ+ x2

)
, (7.26)

those momenta are in general not compatible with the above grid description even for high
point-densities, i.e. Nk′ , NΛ′ � 1. Hence, we must necessarily interpolate the velocity and
the dielectric function between grid points p ∈ G. In fact, analyzing Eq. (7.26) in more detail
reaveals that for particular configurations of the arguments the momenta k′query are negative,
leading to cases in which, in conflict with Eq. (7.24), the ultraviolet cutoff Λ0 is exceeded.47

However, technically we may resolve this problem by extrapolating the function ε̃Λ′(k′) to the
regime k′ < 0. Alternatively, one might extend the non-interacting condition of no screening,
i.e. εΛ = 1, to these cases. Both approaches lead to practically equivalent results, indicating
the non-critical character of this issue.

The two-dimensional integrals in the dimensionless flow equations (7.22) and (7.23) must be
evaluated by means of a numerical integration routine. In general one can differentiate between
two types of techniques: those with a fixed set of discrete integration points {(r′, ϕ′)} and
adaptive ones, in which such a set is refined dynamically during the integration. As it turned
out within this work, for the matter in hand the first kind of approach is more promising, as
one faces technical issues in an adaptive scheme due to singularities of the particular integrands.
As for the velocity, the integrand only diverges for x = 1, ϕ = 0 or x = 0,48 whereas the
integrand in Eq. (7.23) shows a more severe one-dimensional manifold of singularities in the
paramter space of r′ and ϕ, which is described by the equation

1− 2ek
′−r′ = cosϕ. (7.27)

An adaptive integrator tends to zoom in on this curve by refining the points of evaluation. In
case of a conventional integration scheme, we might just define a static integration grid Gint,
where the two dimensions correspond to r′ and ϕ respectively, and exclude the few points
p ∈ Gint that accidentally fall into the singular subspace. Finally, an approximation of the
complete integral can then be obtained from the values on the sampling lattice Gint by use of
e.g. the trapezoidal rule.

Summarizing, the entire numerical solving procedure can be described as follows: To begin
with, we initialize the whole velocity and dielectric function grid with the inital conditions
(Eq. 7.17). Subsequently, we consider the first non-trivial cutoff Λ′1 closest to Λ0. Calculating
the r.h.s. of Eqs. (7.22) and (7.23), we get some approximation of the functions ṽΛ′1 and ε̃Λ′1
at this scale. However, since the integrands depend on the grid values for these functions
before the calculation, this updating step has to be repeated until a self-consistent solution for
both ṽΛ′1(k′) and ε̃Λ′1(k′) has been achieved. This is the case when the grid values at the scale
Λ′1 remain unchanged within some self-consistency tolerance Tol during an update. Moving
on to the next cutoff Λ′2 and proceeding in precisely the same way, one obtains the velocity
47An example: k′ = 0, r′ = 17, ϕ = π/2 gives k′query < 0 and therefore kquery > Λ0.
48Note that εΛ′ (k′) is always greater than zero (in fact greather than one) and hence does not contribute any

singularities.
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and dielectric function at one scale after another. For the sake of transparency, we sketch the
fundament of the solving algorithm in pseudocode below.49

Let us remark that since 0 ≤ r′ ≤ Λ′ in Eq. (7.22), the calculation of the velocity ṽΛ(k) only
requires the dielectric function, and therefore the velocity itself, at equal or larger momentum
cutoffs.50 This allows us to converge different scales individually, instead of relaxing the entire
grid in each step, which reduces the total number of integrations. Thereby, it is sensible to take
the velocity obtained at one scale as the starting point for the self-consistency procedure on
the subsequent scale. This should enhance the convergence speed as can be seen by considering
the limit NΛ′ →∞, in which the functions ṽΛ′(k′) and ε̃Λ′(k′) are basically identical for two
adjoining cutoffs.

Sketch of the numerical algorithm for solution of Eqs. (7.22) and (7.23)
1: procedure Flow(Λ′max, k

′
max, Nk′ , NΛ′ , Nr′ , Nϕ,Tol) . Gives V, E for Grids G,Gint

2: V = ones(NΛ′ ,Nk′) . 2D arrays initialized with ones
3: E = ones(NΛ′ ,Nk′)
4: Lpvalues = range(0,Λ′max,NΛ′) . 1D arrays of cutoffs and momenta
5: Kpvalues = range(0,k′max,Nk′)
6:
7: for Lp from 1 to NΛ′ do . For each cutoff Λ′
8: V[Lp]=V[Lp-1] . Copy results of previous scale
9: E[Lp]=E[Lp-1]
10:
11: while |change|<Tol do . Self-consistency loop
12: VLpOld = V[Lp]
13: ELpOld = E[Lp]
14:
15: for Kp from 1 to Nk′ do . For each momentum k′

16: Rp = range(0,Lpvalues[Lp],Nr′) . Realize integration grid Gint
17: PhiV = range(0,π,Nϕ)
18: PhiE = range(0,π/2,Nϕ/2)
19: V[Lp] = integrate(Rp,PhiV,Kpvalues[Kp],E) . Calculate r.h.s. of Eq. (7.22)
20: E[Lp] = integrate(Rp,PhiE,Kpvalues[Kp],V) . Calculate r.h.s. of Eq. (7.23)
21: end for
22: change = max(diff(V[Lp],VLpOld),diff(E[Lp],ELpOld))
23: end while
24: end for
25: return V,E
26: end procedure

49The aim is to present the algorithm in such a way, that the interested reader is immediately able to grasp the
strategy and start implementing his own version. Therefore, instead of focusing on details and computational
optimality, we simplify the steps and the notation in the pseudocode deliberately.

50This is of course no accident but rather a necessity for the FRG to be meaningful.
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7.3.3 Renormalized velocity and dielectric function

In the following, we shall focus on freestanding graphene, i.e. α = 2.2. This corresponds to the
situation in Ref. [17], in which the authors claim to have studied freely suspended graphene.
Moreover, interaction effects are most pronounced in this case because of the absence of an
external substrate, and differences between the FRG and weak-coupling theories should be
visible. Nonetheless, let us emphasize that the interaction strength α, which is determined by
the effective dielectric constant due to a substrate (Eq. 1.1), enters as a parameter into the flow
equations (7.22) and (7.23), and our FRG approach also captures the velocity renormalization
in undoped graphene on arbitrary substrates (Appendix E).

The described numerical solution procedure has been implemented in MATLAB [46] using a
trapezoidal integration routine together with spline interpolation (third-order polynomials).
Thereby, we enforced self-consistency up to four decimal places, i.e. specified a tolerance
Tol = 10−4. Both the momentum grid G and the integration grid Gint have been set up
homogeneously with O(104) lattice points. In case of the former, which is specified in terms
of the dimensionless momenta k′ and Λ′, this implies a logarithmic sampling of the external
momenta, k, and the infrared cutoffs, Λ (Eq. 7.21). Starting from the initial scale Λ0, the
limits k → 0 and Λ→ 0 have been realized up to the order O(10−9), which surpasses the exper-
imentally accessible momentum range by multiple orders of magnitude (cf. Figs. 2.6 and 1.2)
[17, 54]. The implementation showed to be rather independent of the particular choice of these
numerical parameters, indicating well-converged results.

The full cutoff and momentum dependence of the renormalized quasi-particle velocity is
presented in Fig. 7.2a. It exhibits a strong logarithmic feature at the point of vanishing infrared
cutoff and external momentum.51 Thereby, the renormalized velocity increases logarithmically,
independent of whether one approaches this critical point from the cutoff or momentum
dimension (Fig. 7.2b).
Most important is the physical renormalized velocity (solid black), i.e. the profile v(k) =

vΛ=0(k), which is independent of the FRG cutoff within numerical precision. Figure 7.2b
shows this physical velocity next to the diagonal cross section, vΛ=k(k), (dotted blue) and the
profile vΛ=k(0) (dashed red). Let us point out that it is the FRG, describing the RG flow of
momentum-dependent functions, that allows for such a comparison of cutoff and momentum
dependence. In field-theoretical RG approaches [26], one can only keep track of the flow of
coupling constants and, therefore, must eventually apply the substitution Λ→ k. As seen in
Fig. 7.2b, this recipe is qualitatively valid in graphene.
The found physical renormalized velocity is well described by the fit (Fig. 7.2b)

vFit(k)
vF

= A(α) +B(α) ln (Λ0/k) , (7.28)

with A(2.2) = 1.37 and B(2.2) = 0.51. Notice that within first order perturbation theory the
renormalized velocity shares the same functional form, and we found similar prefactors A = 1
and B = α/4 = 0.55. This is remarkable, since a perturbative treatment of the long-range
Coulomb interactions of effective strength α = 2.2 is a priori not justified. In fact, we have
seen that already the second order contribution causes a substantially different renormalization
of the velocity (Fig. 4.2). The non-perturbative FRG result suggests that these effects are
cancelled by higher order corrections. As a consequence the system behavior is qualitatively
compatible with first order perturbation theory, and similarly the RPA with A = 1 and
B = 0.53. Within the limits of our approach, this may be seen as a theoretical a posteriori
justification of weak-coupling theory.
51We ruled out the (optically hard to distinguish) possibility of a double logarithmic divergence by considering

logarithmic derivatives. The numerical solution showed to be practically constant, in agreement with a
single logarithmic divergence.
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Figure 7.2: Renormalized velocity vΛ(k) as a function of infrared cutoff Λ and external momen-
tum k obtained from the numerical solution of the static FRG flow equations (7.22)
and (7.23) (a). In (b) we show the cutoff-independent physical quasi-particle veloc-
ity v(k) = vΛ=0(k) (solid black) in comparison with the curves vΛ=k(k) (dotted
blue) and vΛ=k(0) (dashed red), corresponding to profiles of the three-dimensional
velocity in (a). The continuous plots are cubic interpolations of the discrete nu-
merical solutions. In case of the physical velocity, we indicate the discrete data
points explicitly by triangles (b). The inset in (b) shows, on a logarithmic scale,
that these data points are well-described by a fit as given in Eq. (7.28).
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Figure 7.3: Renormalized dielectric function εΛ(q) as a function of infrared cutoff Λ and external
momentum q obtained from the numerical solution of Eqs. (7.22) and (7.23) (a).
In (b) we show the cutoff-independent physical dielectric function ε(q) = εΛ=0(q)
within static FRG (solid black), which should be compared to the RPA constant
εRPA(q) (Nf = 8) (dashed red). As in Fig. 7.2, the continuous plots are cubic
interpolations of the discrete numerical solutions. In case of the physical dielectric
function, we indicate the discrete data points explicitly by triangles. Additionally,
we show the RPA dielectric constant for Nf = 4, which (accidentally) happens to
be an approximate description of ε(q) for large external momenta (b).
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The numerical solution of the static FRG flow equations (7.22) and (7.23) for the dielectric
function εΛ(q) is visualized in Fig. 7.3a. Unlike for the velocity, the dielectric function does
not display a divergence and is finite for all external momenta and infrared cutoffs. Evidently,
there is also no approximate symmetry justifying substitutions Λ→ k, because the infrared
cutoff has been introduced in the fermionic sector of the theory and εΛ(q) depends on the
bosonic self-energy ΠΛ(Q) (polarization).

Considering the physical dielectric function, εΛ=0(q), we note that it acquires a momentum
dependence as opposed to the constant value εRPA ≈ 4.46 (Nf = 8) found within static RPA
(Eq. 4.57). In fact, it is clear from its flow in Eq. (7.23) that the divergent velocity, which
enters in the denominator, prohibits the flow of the bosonic self-energy for small momenta q,
i.e. ∂ΛΠΛ(q → 0) = 0. Taken together with the initial condition of no screening, this implies
a vanishing polarization, ΠΛ(Q) = 0. Hence, the dielectric function ε(q) logarithmically
approaches unity for q → 0, so that in the long-wavelength limit Coulomb interactions are
not screened at all and thus long-ranged. This fact changes for higher momenta q/Λ0 > 40%,
where one might approximate ε(q) by a mean constant, ε(q) ≈ 2.72.

Notice that the FRG solution for the dielectric function differs considerably from the value
εRPA(q) = 1 + Nfπe

2

16vf ≈ 4.46 (Nf = 8) obtained within the random phase approximation
(Fig. 7.3b). The latter overestimates the screening effect by roughly a factor of two compared
to the FRG result in the high momentum regime. Therefore, ε(q) happens to approach the
RPA dielectric constant with Nf = 4, i.e. εRPA ≈ 2.73, which, in this picture, corresponds to
an effective negligence of one of the binary degrees of freedom. However, let us emphasize that
this seems to be purely accidental, as we did incorporate the valley, the sublattice and the
spin degree of freedom in the FRG flow equations.

We conclude that the static intrinsic screening of electron-electron interactions in graphene is
momentum-dependent and, in particular at the Dirac point, not properly described by the RPA.
The renormalization of the quasi-particle velocity, however, is found to be in qualitative (and
almost quantitative) agreement with weak-coupling theory. Besides the earlier experimental
verification of this fact (Fig. 1.2), this work represents a first step in the direction of a theoretical
justification.

7.4 Comparison between theory and experiment
Finally, we shall compare the FRG result for the renormalized quasi-particle velocity to exper-
iment. Of course, since the obtained momentum-dependent renormalized velocity resembles
the leading-order perturbation theory result up to prefactors (Eq. 7.28), and multiple detailed
experiments have proven to be consistent with such a perturbative consideration of interactions
[9, 17, 31, 70], we expect the FRG to be a similarly accurate description. However, instead
of relying on an expansion in α, the latter is on a firm basis because of its non-perturbative
nature including the physically relevant regime α = 2.2 of rather strong coupling.
As mentioned in the introduction (Ch. 1), rather impressive measurements of the velocity

in the immediate vicinity of the charge-neutrality point have been carried out by Elias et
al., including the nobel prize laureates K. S. Novoselov and A. K. Geim, at the University of
Manchester [17]. Extending the previous works in Refs. [54–56], they studied the reshaping
of the Dirac cone due to interaction effects by analyzing Shubnikov-de Haas oscillations
(Sec. 2.3.2). We choose this particular study for our comparison of graphene theory and
experiment, because they report a strong renormalization of the quasi-particle velocity covering
a large density range of more then two orders of magnitude. This is important for a reliable
observation of the moderate logarithmic divergence.
The discussion of the SdHO technique for determining the velocity in Sec. 2.3 was based

on the non-interacting theory; for example, we explicitly use the non-interacting density of
states in Eq. (2.56). Before a comparison, we must therefore verify that the derived equations
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remain valid when interelectron Coulomb interactions are taken into account. In this sense,
we calculate the charge carrier density as follows,

n = Nd

∫
d2k

(2π2)Θ(ξF − ξ(k)) = Nd
2π

∫ kF

0
dkk = k2

F

π
, (7.29)

where ξF = ξ(kF ) is the Fermi level of the interacting system and Nd = 4 (Eq. 2.42). Hence, one
(again) finds kF =

√
πn and ξF = v(kF )kF . Similarly, the area enclosed by the semiclassical

orbit is given by

A(ξ(k)) = πk2 = π
ξ(k)2

v(k)2 , (7.30)

which taken together with the definition of the cyclotron mass (Eq. 2.53) implies ξ(k) =
mc(k)v(k)2. On the other hand, we have ξ(k) = v(k)k by definition (Eq. 4.11), which for
k = kF yields

v(kF ) =
√
πn

mc(kF ) . (7.31)

Hence, even in the case of a momentum-dependent velocity, v(k), one is able to infer the latter
by determining the cyclotron mass for various charge carrier concentration densities, n.
Having said that, let us point that an interacting theory of undoped graphene, that is

graphene at half-filling with a Fermi level at the Dirac points, is, strictly speaking, not qualified
for a comparison with such SdHO experiments. This is not merely due to the fact that real
graphene samples are (inevitably) slightly doped but rather because of the measurement
procedure, in which charge carriers are explicitly introduced into the system. Thereby, the
energy dispersion, and thus the velocity, gets modified. A rigorous theory would contain
the Fermi level, or equivalently the Fermi momentum, as a parameter and would provide
the velocities v(kF ) in Eq. (7.31) for different kF , depending on the respective charge carrier
densities, n. However, one might simply assume that v(k) is approximately independent of n
in the close vicinity of the Dirac point, where density modifications are small, and identify
v(k) ≈ v(kF ) = v(

√
πn). Although this point seems to have not been sufficiently appreciated

in literature, basically all comparisons (especially those within experimental papers) are based
on this assumption [4, 17].

Looking at Eq. (7.28), we note that the renormalized velocity depends on vF and Λ0. This
is, of course, no accident but simply due to the fact that these quantities are free parameters in
the low-energy model.52 For a comparison with experiment, we must necessarily specify their
physical dimension. In principle, there are two different, but related, strategies which both have
been applied in the literature: In the first approach, one takes the common value vF = c/300
as given by experiment (Eq. 2.40) and uses Λ0 as a simple fitting parameter, whose value is,
for example, fixed by the minimization of the mean squared deviation of the theoretical curve
from the experimental data. Here, it must be remarked that from a QFT renormalization point
of view, vF has to be thought of as the bare velocity, which on principle cannot be determined
by experiment (only renormalized quantities are physical and measurable).
Therefore, we shall implement an alternative comparison scheme, in which one replaces

the unknown parameters in favor of measurable quantities [4, 12, 77]. Instead of plotting
Eq. (7.28) directly, we relate two renormalized velocities v(k =

√
πn), v′(k′ =

√
πn′) for two

charge carrier densities n, n′ to each other. By demanding that one of these velocities, let’s
say v′(n′), coincides with an experimental data point, we can plot v as a function of n. This
way of testing theory against experiment has also been employed in most recent studies on the
52One may estimate the order of magnitude of those quantities, e.g. Λ0 ∼ 1/a, but their exact values are

somewhat arbitrary.
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Figure 7.4: Comparison of graphene theory and experiment. The quasi-particle velocity
renormalization as predicted by first (blue) and second (green) order perturbation
theory, random phase approximation (orange), and functional renormalization
group (black), as a function of charge carrier density, n. Note that negative
densities correspond to hole doping, and the theoretical curves have been mirrored.
The experimental data points (gray) are from Ref. [17] and have been kindly
provided by A. K. Geim.

velocity renormalization in graphene [4, 30]. For the sake of comparability, we follow Hofmann
et al. in Ref. [30], who also compare to the experiments in Ref. [17], and choose

v′(n′ = 100× 1010 cm−2) = 1.24× 106 cm−2, (7.32)

despite that this is no visible experimental data point.53 In this way, we obtain an agreement
between leading-order perturbation theory, RPA, FRG, and the experimental data of Ref. [17]
as shown in Fig. 7.4. Note that Elias et al. in Ref. [17] use the dielectric constant ε (Eq. 1.1)
as an extra fitting parameter in the perturbation theory velocity to obtain agreement with
their experimental data. In contrast, our comparison scheme does not involve any explicit
fitting. Hence, the first order perturbation theory curve in Fig. 7.4 (solid blue) is different
from the one shown in Fig. 1.2 (solid black). Except for the second order perturbative result,
all interacting theories capture the logarithmic divergence. The FRG prediction for the
renormalized quasi-particle velocity, however, shows the best agreement with the experimental
findings and is clearly an adequate description in the entire range of available densities.

53One obtains a similar agreement by using one of the outermost visible data points.
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Summary and Outlook

In the course of this work, we theoretically investigated many-body electron-electron interactions
in undoped monolayer graphene. Focusing on low-energy dynamics in the vicinity of the Dirac
point, where interaction effects are particularly pronounced due to the absence of screening,
we examined the renormalization of the quasi-particle velocity beyond perturbation theory
and random phase approximation (RPA). This is essential, since the effective interaction
strength in graphene, α, is of the order of unity and thus by no means perturbatively small. To
study monolayer graphene for arbitrary interaction strengths, including the important case of
freestanding samples, i.e. α = 2.2, we implemented a comprehensive functional renormalization
group (FRG) approach. Thereby, starting from the bare low-energy quantum field-theory, we
derived effective non-perturbative flow equations for the renormalized quasi-particle velocity
and the dielectric function by focusing on the relevant and the marginal irreducible vertices,
according to their scaling dimension. By solving this system of coupled integro-differential
equations in the approximation of static screening numerically, we obtained non-perturbative
results for the quasi-particle velocity and dielectric function in graphene. The findings indicate
that the linear energy dispersion (Dirac cone) gets strongly modified by long-range Coulomb
interactions in the vicinity of the Fermi level, as visualized on the title page of this thesis. In
fact, the renormalized quasi-particle velocity logarithmically diverges at the Dirac point in
excellent agreement with the experimental observation by Elias et al. in Ref. [17]. Remarkably,
the FRG velocity resembles the first order perturbation theory result. This suggests a
cancellation of higher order corrections and might be seen as a theoretical justification of
weak-coupling approaches. However, the FRG result for the static dielectric function exhibits
a clear momentum-dependence and indicates the absence of screening at long-wavelengths,
both in disagreement with the RPA.
There are serveral possibilities of extending this work. Most obvious, one might include

dynamical screening by considering the frequency-dependent flow equations (6.38) and (6.49).
This requires additional numerical effort due to the increasing number of integrals and the extra
dimension of the dielectric function. Furthermore, one can base upon the present approach and
include spontaneous breaking of the chiral symmetry, i.e. a metal-insulator transition conclusive
with the emergence of a gap in the energy spectrum. Therefore, one must introduce a mass
term in the self-energy expansion (Eq. 4.6) and start the RG flow with an infinitesimal gap at
the initial scale Λ0. The idea is then to analyze the flow of this gap, ∆, for different values of
α, with the expectation that ∆ approaches a finite value for αc > α, and ∆ → 0 otherwise.
This would lead to a quantitative FRG prediction for the critical effective interaction strength
αc. Lastly, one might extend the discussion to doped graphene by incorporating a finite Fermi
surface.
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A Dirac Hamiltonian in
2+1 dimensions

In what follows, we will present a concise derivation of the relativistic Dirac Hamiltonian in
two spatial dimensions, which plays a crucial role in graphene (Sec. 3.3). Considering the
usual time-dependent Schrödinger equation of a free particle,

i~
∂

∂t
ψ(r, t) = Hψ = − ~2

2m∇
2ψ(r, t), (A.1)

it is evident that time and space derivatives enter in different ways. This immediately indicates
the absence of Lorentz invariance, which must necessarily be included to be consistent with
Einstein’s special relativity. Hence, a relativistic generalization of Eq. (A.1) must either
include a second order time derivative or a spatial derivative of first order. As it turns out,
the former leads to the Klein-Gordon equation of spin zero bosons. Since we seek for a
relativistic description of spin one-half particles, we shall follow Dirac and take the square-root
of something54. To that end, his idea was to use a linear Hamiltonian of the form [53, 67, 72]

H = βmc2 + cα · p, (A.2)

where the objects β and α should be fixed by the requirement

E = m2c4 + c2p2 != β2m2c4 + c2(α · p)2 +mc3(βα · p + α · pβ), (A.3)

that assures the relativistic dispersion relation. Using Eq. (A.2) in the Schrödinger equation
(A.1), one obtains the relativistic Dirac equation,

i~ (∂t + cα · ∇)ψ(r, t) = βmc2ψ(r, t). (A.4)

The condition Eq. (A.3) can be translated into the Clifford algebra,

β2 = 1, {αi, β} = 0, {αi, αj} = 2δij , (A.5)

which indicates that β and the αi anti-commute and should have a representation as n× n
matrices. Exploiting that the Dirac Hamiltonian in Eq. (A.2) is Hermitian and α2

i = β2 = 1
due to Eq. (A.5), it is clear that those matrices must be Hermitian and unitary. Finally,
applying the determinant to the last anti-commutator in the Clifford algebra, one finds

det (αiαj) = det (−αjαi) = (−1)n det (αiαj), (A.6)

implying n to be even. In two spatial dimensions, the Pauli matrices fulfill all the properties
above and one can identify

α1 = σx, α2 = σy, β = σz. (A.7)

Setting the speed of light to unity, i.e. c = 1, this leads to the Dirac Hamiltonian

H = σ · p +mσz, (A.8)

as mentioned in Eq. (3.55).
54Niels Bohr: “What are you working on Mr. Dirac?”
Paul Dirac: “I’m trying to take the square root of something.”
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B Polarization via
Feynman parametrization

Although the combination of contour integration and elliptic coordinates is most suitable to
carry out the appearing integrations in graphene, one can take alternative approaches, as we
shall demonstrate on the example of the polarization, introduced in Eq. (4.37), below. In this
case, after evaluating the trace and shifting the integration variable by the external four-vector
Q, we face the integral equation

Π0(Q) = Nf

∫
K

ω(ω + ω)− v2
Fk · (k + q)

[ω2 + v2
F k

2] [(ω + ω)2 + v2
F (k + q)2] , (B.1)

where Nf represents the degrees of freedom. One way to evaluate the integrals on the r.h.s.
is to exploit the affinity of graphene low-energy theory and quantum electrodynamics (see
Sec. 3.3), and employ established integration techniques from particle physics. In particular,
we may use the Feynman parametrization to simplify Eq. (B.1) up to the point where all
integrals are rather elementary and can be evaluated conveniently. To begin with, we note the
Feynman identity [5, 28, 72]

1
A1A2

=
∫ 1

0

dx

[xA1 + (1− x)A2]2
, (B.2)

where x is called Feynman parameter. The validity of this relation follows from a chain of
simple identities, ∫ 1

0

dx

[xA1 + (1− x)A2]2
= 1
A1 −A2

∫ A1

A2

du

u2 (B.3a)

= 1
A1 −A2

[
1
A2
− 1
A1

]
, (B.3b)

= 1
A1A2

. (B.3c)

Applying Eq. (B.2) to the polarization by identifying

A1 = (ω + ω)2 + v2
F (k + q)2, (B.4)

A2 = ω2 + v2
F k

2, (B.5)

and denoting the square root of the denominator on the r.h.s. of Eq. (B.2) by D(x), one finds

D(x) ≡ xA1 + (1− x)A2

= ω2 + (vF k)2︸ ︷︷ ︸
A2

+ 2ω · xω + 2vFk · xvFq︸ ︷︷ ︸
2A·B

+x(v2
F q

2 + ω2)︸ ︷︷ ︸
C2

, (B.6)

where A = (ω, vFk), B = (xω, xvFq) and C = (
√
xω,
√
xvFq). Evidently, the last line suggests

a completion of the square, which can be realized by shifting the integration variable according
to

K → K ′ = A+B = (ω + xω, vFk + xvFq) ≡ (ξ, vF l), (B.7)
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to obtain

D → D′ = K ′2 −B2 + C2

= ξ2 + v2
F l2 + x(1− x)(v2

F q
2 + ω2).

(B.8)

Now, the denominator is invariant under shifts ξ → −ξ and vF l → −vF l, and terms in the
nominator in Eq. (B.1) that are linear in either ξ or l can therefore be omitted. In this way,
we find

Π0(Q) = Nf

∫ 1

0
dx

∫
d2l

(2π)2

∫
dξ

2π


ξ2 − x(1− x)ω2 − v2

F l
2 + x(1− x)v2

F q
2[

ξ2 + v2
F l2 + x(1− x)(v2

F q
2 + ω2)

]2

+

∝ξ︷ ︸︸ ︷
ξω(1− 2x)−

∝l︷ ︸︸ ︷
v2
F (1− x)l · q +

∝l︷ ︸︸ ︷
v2
Fxl · q[

ξ2 + v2
F l2 + x(1− x)(v2

F q
2 + ω2)

]2


(B.9a)

= Nf

∫ 1

0
dx

∫
d2l

(2π)2

∫
dξ

2π
ξ2 − x(1− x)ω2 − v2

F l
2 + x(1− x)v2

F q
2[

ξ2 + v2
F l2 + x(1− x)(v2

F q
2 + ω2)

]2 . (B.9b)

At cost of another integral, the respective integration variables now enter in a rather basic
manner. Hence, the remaining integrals can be evaluated analytically, leading to

Π0(Q) = Nf
32

q2√
v2
F q

2 + ω2
, (B.10)

in agreement with the result found in Eq. 4.51.
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C First order self-energy via
polar coordinates

In Sec. 4.2, we derived the self-energy up to first order in the effective interaction, α, using
elliptic coordinates to perform the appearing momentum integration (Eq. 4.17), i.e.

Σ1
p,σi = απvFσi

∫
d2q

(2π)2
1
q

qi
|q − k| . (C.1)

In the following, we will show that one can just as well employ polar coordinates,

kx = k cos θ, qx = q cosϕ, (C.2)
ky = k sin θ, qy = q sinϕ, (C.3)

to obtain the same result. To that end, let η denote the angle between the two momentum
vectors k and q, i.e. η ≡ ϕ− θ. The denominator in Eq. C.1 then reads

1
|q − k| = 1√

q2 + k2 − 2kq cos η
(C.4a)

≈ q
(

1 + k

q
cos η

)
(C.4b)

= q

(
1 + k

q
[cos θ cosϕ+ sin θ sinϕ]

)
, (C.4c)

where we, being interested in the near the Dirac point, expanded in k/q and used the
trigonometric identity

cos η = cos(ϕ− θ) = cos θ cosϕ+ sin θ sinϕ. (C.5)

Extrapolating this result to the full integration interval, the angular part of the integration,
let’s say for Σ1

p,σx , can now be readily evaluated,5556

Σ1
p,σx = vF

α

4πσx
∫ Λ0

k

dq

∫ 2π

0
dϕ

cosϕ︸ ︷︷ ︸
=0

+ k

q
cos θ cos2 ϕ︸ ︷︷ ︸

= kx
q π

+ k

q
sin θ cosϕ sinϕ︸ ︷︷ ︸

= 0

 (C.6a)

= vF
α

4 σxkx
∫ Λ0

k

dq

q
. (C.6b)

Here, we (again) regularize the logarithmically ultraviolet-divergent momentum integral by
introducing a high-momentum cutoff Λ0 (cf. Eqs. 4.29-4.25). Thus, we note

Σ1
p,σx(k, iω) = vF

α

4 σxkx ln (Λ0/k). (C.7)

Proceeding with the y-component in the exact same manner, the entire first order perturbative
self-energy is given by

Σ1
p(k, iω) = Σ1

p,σx + Σ1
p,σy = vF

α

4 σ · k ln (Λ0/k), (C.8)

in agreement with Eq. (4.31).
55Note that k/q is of the order of unity for q & k at the lower integration boundary. However, the ultraviolet

divergence may still be extracted by using Eq. (C.4c).
56The lower integral boundary, k, is due to the substitution q→ q + k which has been performed to obtain

Eq. (C.1).
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D Flow equation for the three-legged
vertex Γ(2,1)

For the sake of completeness, we provide an exact expression for the flow of the three point
vertex involving one bosonic and two fermionic external field lines. This complements the
flow equations (6.2) (6.3) for the self-energy and polarization derived in Ch. 6. At this
point, the diagrammatic notation truly plays out its strength and illustrates the subsequent
cumbersome expression in a much more transparent way (Fig. D.1). Let us remark that we
drop the arguments of the vertex function, i.e. set ∂ΛΓ(2,1)

Λ,p ≡ ∂ΛΓ(2,1)
Λ,p (K ′σ′;Kσ;K), for better

alignment of the lengthy expression. In this way, the flow equation reads

∂ΛΓ(2,1)
Λ,p =

∫
K̃

∑
σi

Ġσ1σ2
Λ,p (K̃)Γ(4,1)

Λ,p (K ′σ′; K̃σ2; K̃σ1,Kσ;K)

+ 1
2

∫
Q

ḞΛ(Q)Γ(2,3)
Λ,p (K ′σ′;Kσ;Q,−Q,K)

−
∫
K̃

∑
σi

[
Gσ1σ2

Λ,p (K̃)Ġσ3σ4
Λ,p (K̃ +K) + Ġσ1σ2

Λ,p (K̃)Gσ3σ4
Λ,p (K̃ +K)

]
× Γ(4,0)

Λ,p (K ′σ′, K̃σ2; K̃ +Kσ3,Kσ)Γ(2,1)
Λ,p (K̃ +Kσ4; K̃σ1;K)

+
∫
Q

∑
σi

[
Gσ1σ2

Λ,p (K −Q)ḞΛ(Q) + Ġσ1σ2
Λ,p (K −Q)FΛ(Q)

]
× Γ(2,2)

Λ,p (K ′σ′;K −Qσ1;K,Q)Γ(2,1)
Λ,p (K −Qσ2;Kσ;−Q)

+
∫
Q

∑
σi

[
ḞΛ(Q)Gσ1σ2

Λ,p (K ′ −Q) + FΛ(Q)Ġσ1σ2(K ′ −Q)
]

× Γ(2,1)
Λ,p (K ′σ′;K ′ −Qσ1;Q)Γ(2,2)

Λ,p (K ′ −Qσ2;Kσ;−Q,K)

−
∫
Q

FΛ(Q)ḞΛ(K −Q)Γ(2,2)
Λ,p (K ′σ′;Kσ;Q,K −Q)Γ(0,3)

Λ,p (K −Q,−Q,K)

+
∫
Q

∑
σi

[
FΛ(Q)Ġσ1σ2

Λ,p (K ′ −Q)Gσ3σ4
Λ,p (K −Q)

+ FΛ(Q)Gσ1σ2
Λ,p (K ′ −Q)Ġσ3σ4

Λ,p (K −Q)

+ ḞΛ(Q)Gσ1σ2
Λ,p (K ′ −Q)Gσ3σ4

Λ,p (K −Q)
]

× Γ(2,1)
Λ,p (K −Qσ4;Kσ;−Q)Γ(2,1)

Λ,p (K ′ −Qσ2;K −Qσ3;K)

× Γ(2,1)
Λ,p (K ′σ′;K ′ −Qσ1;Q)

−
∫
Q

∑
σi

[
FΛ(Q)FΛ(K +Q))Ġσ1σ2

Λ,p (K −Q)

+ ḞΛ(Q)FΛ(K +Q)Gσ1σ2
Λ,p (K −Q)

+ FΛ(Q)ḞΛ(K +Q)Gσ1σ2
Λ,p (K −Q)

]
× Γ(2,1)

Λ,p (K −Qσ2;Kσ;−Q)Γ(0,3)
Λ,p (Q,K,−K −Q)

× Γ(2,1)
Λ,p (K ′σ′;K −Qσ1;K +Q).

(D.1)
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Figure D.1: Diagrammatic visualization of the flow equation D.1 for the irreducible three-point
vertex Γ(2,1)

Λ,p with one bosonic and two fermionic external legs in graphene. The
appearing three-, four-, and five-point vertices are indicated by green, blue, and
light gray coloring irrespective of the type of the external field lines. Based on
Ref. [65].
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E Quasi-particle velocity in graphene
on substrates

As mentioned in the main text (Sec. 7.3.3), the effective interaction strength α is a free parameter
of the derived FRG flow equations (7.5) and (7.6). Physically, its value is determined by the
environment of the graphene sample, which enters into α (Eq. 1.1) in form of an effective
dielectric constant ε = (ε0 + κ)/2, where κ is typically the dielectric constant of an underlying
substrate. Thereby, the dependence α(ε) is reciprocal, because an substrate enhances the
screening in graphene extrinsically, causing the effective strength of the Coulomb interactions
to decrease.

Two common substrate materials used for the growth of graphene are silicon dioxide, SiO2,
and boron nitride, BN. Their dielectric constants lead to effective interaction strengths of
the order of αSiO2 ≈ 0.9 and αBN ≈ 0.4 [4, 41].57 Complementing the main text, in which we
focused on freestanding graphene with α = 2.2, we show the renormalized quasi-particle velocity
for various α in Fig. E.1. As expected, the enhanced screening moderates the renormalization of
the quasi-particle velocity for increasing ε (decreasing α). Of course, for α ≈ 0 a weak-coupling
treatment of Coulomb interactions becomes sensible and the FRG result merges into the first
order perturbation theory result.

Figure E.1: The renormalized quasi-particle velocity v(k) obtained within static FRG for
different effective interaction strengths (indicated by gray scaling), corresponding
to different substrates. The curves are fits to the numerical solutions according to
Eq. (7.28).

57Note that the these values vary strongly in graphene literature.
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